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Communicated by H.R. Ebrahimi Vishki

ABSTRACT. A class of Ruscheweyh-type harmonic functions is defined, using
g-differential operators and sufficient coefficient conditions for this class is de-
termined. We then consider a subclass of the aforementioned class consisting of
functions with real coefficients and obtain necessary and sufficient coefficient
bounds, distortion theorem, extreme points, and convex combination condi-
tions for such class. It is shown that the classes of functions considered in this
paper contain various well-known as well as new classes of harmonic functions.

1. INTRODUCTION AND PRELIMINARIES

A continuous function f = u + v is a complex- valued harmonic function in a
complex domain €2 if both u and v are real and harmonic in €. In any simply-
connected domain D C 2, we can write f = h + g, where h and ¢ are analytic
in D. We call h the analytic part and ¢ the co-analytic part of f. A necessary
and sufficient condition for f to be locally univalent and orientation preserving
in D is that |h/(2)] > |¢/(z)| in D (see [2]). Let H denote the family of functions
f = h+ g which are harmonic, univalent, and orientation preserving in the open
unit disc U = {z : |z| < 1} and are of the form

f(2)=h(z)+g(z) = z+Zanz”+anz”.

Obviously, |b1| < 1 and the family H reduces to the well known class S of normal-
ized analytic univalent functions if the co-analytic part of f is identically zero,
that is, g = 0.

Date: Received: 21 July 2018; Revised: 17 September 2018; Accepted: 12 December 2018.
* Corresponding author.
2010 Mathematics Subject Classification. Primary 30C45; Secondary 30C50.
Key words and phrases. Univalent, harmonic starlike,q- differential operators.
79



80 G. MURUGUSUNDARAMOORTHY, JAY M. JAHANGIRI

The Hadamard product or convolution of two power series hi(z) = Y| a,2"
and ho(z) = Y 7, c,2" is given by hy(z) % he(2) = (h1 * ho)(2) = >0 | ancy2",

and the convolution of two harmonic functions

fi(2) = h1(2) + g1 (2) and fo(2) = ha(2) + 6a(2)
is given by

[i(2)x fa(2) = (fixf2)(2) = ha(2) * ha(2) + g1(2) * g2(2).

Next we recall the notion of g-operator or q-difference operator that plays a
vital role in the theory of hypergeometric series, quantum physics, and operator
theory. In 1908, Jackson [3] initiated the application of g-calculus to analytic
functions. For 0 < ¢ < 1, Jackson’s g-derivative of the function h(z) = z +
> ,anz™ € S is given by

h(z) — h(qz)
Dyh(z) = 1= for z #0,
R'(0) for z=0,
where Dyh(z) =1+ 07, [n],a,2""" and [n], :%.

In 2014, Kannas and Raducanu [7] introduced and investigated the Ruscheweyh-
type ¢- dzﬁerentzal operator

RI'h(z) = h(2) * Fymyi(2 _Z+Zn—1 ) a,z", m>—1,

[y(1+m)
where
Ly(n+m) = [m+ 1],y
Fom = "= —_—2"
gma+1( z+z n—l 1+m)z z+; i —1]! z

Observe that
R)h(z) = h(z),
R;h(z) = 2D,h(z),

2D™ (2™ h(2))

m _ q
Rl'h(z) = ol )
where D?h(z) = Dy(Dyh(z)) and Dj'h(z) = Dy~ (Dyh(z)).
Obviously
my N Ly(n+m) n
Ry'h(z) Z+Z n—l]’Fq(l—i-m)a"Z ’
m m o <
qli}l}'lﬁ R h( ) R h(Z) = h(Z) * m,
and

z
qllfln*F m+1( ) = Fm-l-l(z) = m
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We remark that if ¢ — 17, then the Ruscheweyh ¢-differential operator reduces
to the differential operator defined by Ruscheweyh [3],

m n+m) n—1
Dy(R)'h(z) —1—}—2 n_1|F(1+m)anz :

Recently, Jahangiri [5] applied q—dlfference operators to classes of harmonic

functions and obtained coefficient bounds for such functions. Motivated by [7] and
[5], we define a class of Ruscheweyh-type g-calculus harmonic functions H;" (A, )
consisting of functions feH satisfying

ZDq<R¢Tf(Z))
" ((1 Nt A(Rmz») = (L)

where 2 € U, 0 <A< 1, 2/ = &(z = re?), and

qu(RZ”f(z)) = ZDQ(R;”h(z)) — qu(Rg‘g(z)).
We also define ﬁ;n()\,fy) = H(A\,7) N H, where H is the subfamily of #

consisting of harmonic functions of the form

f(z):z—Zanz —i—Zb_”, a, >0, b, > 0. (1.2)

n=2

The following special cases clearly demonstrate the significance of the class
Hi' (A7)
(i) If ¢ — 17, then H*(\,y) = Ry (A, ) consists of functions feH satisfying
ZD(R™f(2))
R > > —1
((1 Ny 2 ey
where R™ f(z)) is the differential operator defined by Ruscheweyh [8] and
H'(1,7) is the class considered in [6].
(i) If ¢ — 17 and m = 0, then HY(\,7)=H(),7) is the class defined in [9)]
that consists of functions feH satisfying

L v ) B

(iii) if g = 17, m =0 and A = 1, then H{(1,7)=SH(7) is the class defined in
[4] that consists of functions feH satisfying

zf '(Z))
2 (0.,
f(2)
(iv) If ¢ = 17, m = 0 and A = 0, then H{(0,7)=N3(7) is the class defined in
[1] that consists of functions feH satisfying

R (f(2) 27
(v) If A =0, then H]'(0,v) = N'H'(7) consists of functions feH satisfying
(DAY

Z/
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(vi) If A =1, then H7*(1,7) = H;'(7) consists of functions feH satisfying
2Dy (R f(2
@ (DALY
Ry f(2)
It is the aim of this paper to obtain sufficient coefficient conditions for harmonic
functions f = h+3 to be in the class H'(A, 7). We also determine necessary and

sufficient coefficient conditions for harmonic functions f = h+7 to be in the class
H?(A, 7). Furthermore, distortion theorems and extreme points for functions in

ﬂ?(/\, ~) are also obtained.

2. MAIN RESULTS

Throughout this section, unless otherwise stated, we shall use the notation

Ly(n+m)
(n— DT, (1 +m)

First we obtain a sufficient coefficient condition for harmonic functions in
HT (A7)

Theorem 2.1. Let f=h+g € H. If

2 ([n]f__f'“n' + [n]fjflbnl) Dy(n,m) <2, (2.1)

n=1

O, (n,m) =

where a; =1 and 0 <y <1, then f € H(A, 7).

Proof. We will show that if the coefficients of the harmonic function f = h+g € H
satisfy the inequality (2.1), then f = h + g satisfies the condition (1.1). In other
words, we need to show that

2Dy (R h(2)) — qug(z)) - A(2)
" ( (1=X)2 + A(R;nf(Z)) > =R (B(Z)) >, (2.2)

where

A(z) = 2Dy(R{h(2)) — 2Dy (Rig(2))

= z+ Z[n]qd)q(n, m)a,z" — Z[n]q@q(n, m)b,z"

B(z) = (1=X2+ MR, f(2))

= z+ Z A, (n, m)a,z" + Z A, (n, m)b,Z"

n=2 n=1

Using the fact that ® {w} >~ if and only if |1 — v+ w| > |1 4+ v — w|, it suffices
to show that

[A(2) + (1 =) B(2)| = |A(2) = (1 +7)B(2)| = 0. (2.3)
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Substituting for A(z) and B(z) in (2.3), we get
[A(2) + (1 = 7)B(2)] = [A(2) = (1 +7)B(2)]

=] 2=7)z+ ) _[nlg+ 1 = 71)A®y(n,m)a,2"

— Z[[n]q —(1- 'y))\]@q(n,m)gn z" !

n=1
00

—| =2+ ) [y — (1 + )Ny (n, m)anz"
n=2

= lInlg + (1 +7) A @g(n,m)b, 2"

n=1
)

> (2= )|zl = Y[l + (1= 1)A@g(n, m) anll=|"

n=2
)

=D [nlg = (1= 7)A|@q(n, m)[ba] |2]"

> 2(1 -yl (2 -3 [P PR, 0 (n,m>|z\“—1)
1

>2(1-7) (2 2 [P+ P 0o m)) .
n=1

The above expression is nonnegative by (2.1), and so f € H;' (), 7). O

The harmonic function

o'} 1_ U
?) :ZJFZ([n]q—vA ®,(n,m) x"Z +Z +7A (n,m)y"(z) - (24)

where Z |z, | + Z lyn| = 1, shows that the coefficient bound given by (2.1) is
n=2
sharp.

The functions of the form (2.4) are in H7* (), 7), because

5 (U= (il 0,

— 1
=14l + ) |yl =2.
n=2 n=1
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The necessary and sufficient coefficient conditions for the harmonic functions
f=h+7gtobein H;n()\, 7v) are given by the following theorem.

Theorem 2.2. Fora; =1 and 0 <~y <1, we have f =h+7 € ﬁ?()x,’y) if and
only if

i ([n]q — 2 an + Inl + 72 bn> O, (n,m) < 2. (2.5)

n=1 1- v 1- v
Proof. Since ﬂ;n()\,fy) C H7(\,7), we need to prove the "only if” part of the
theorem. In other words, for functions f of the form (1.2), we will show that if
the condition (2.2) holds, then the coefficients of the function f = h + g satisfy
the inequality (2.5). We note that the condition (2.2) is equivalent to

(1=7)2 = 3 ([nlg — YNy, m)anz" — 3 [[n], + 1Ay (n, m)b,z"
R n=2 n=1 > 0.

z— 22 D, (n,m)a,z" + 21 A\, (n, m)b,Z"

The above required condition must hold for all values of z in U. Upon choosing
the values of z on the positive real axis where 0 < z = r < 1,, we must have

(1=7) = 3 ([l — YA Bg(m, m)anr™ — 3 ([nly + AA)Dq(n, m)byr™!
n=2 _n=l >0. (26)
1— > APy(n,m)ayr™=t + > A®4(n, m)byrn—!
n=2 n=1

If the condition (2.5) does not hold, then the numerator in (2.6) is negative for r
sufficiently close to 1. Hence, there exist zp = ro in (0,1) for which the quotient in
(2.6) is negative. This contradicts the required condition for f € ﬁ?()\, ) and so the
proof is complete. O

The following theorem gives the distortion bounds for functions in ﬁ;n()\,’y)
which yields a covering result for the class ﬂ;n()\, 7).

Theorem 2.3. Let f € ﬁ:()\,y). Then for |z| =1 < 1, we have

1 1-— 1
(1 — bl)’l"—q) ([2 7 + 7 bl) 7“2

q(2>m) ]q — A B [Q]q — YA
< |f(2)]
1 1—7 1+~ 9
< bt g o <[21q ey S wbl) "

Proof. We shall only prove the right hand inequality, since the proof for the left
hand inequality is similar to that given for the right hand side inequality. Taking
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the absolute value of f(z), we obtain

F)] = |2+ D anz"+ > b7
n=2 n=1

(L+bo)l2l + > (an +by)|2]"

<
n=2
< (L+b)r+ Y (an +by)r?
n=2
(1-1)
= T o =N,z m)
(2l = NPe2m) (2 = N2 (2m) ) 2
Z( G-y "7 -y )
(1—9)1 1+
< b+ s (1 T2
1 1—7v 1+~
< enr+ g (g - o) ™
0
As a consequence of Theorem 2.3, we obtain the following covering result.
Corollary 2.4. If f(z) € ﬂ;n()\,fy), then
ol < Bla = 1N)8(2m) — (A —7) (2l = 1) Pe(2,m) — (1 +7)
sl < B By <O

Proof. Using the left hand inequality of Theorem 2.3 and letting » — 1, it follows
that

1 1—x 1+~
L=t =3, 2m) (m, B vy wbl)
= (1= b) ~ g L1~ ()
(1 = b0)y (2m)([2lg — 1N) — (1= 7) + (L + )b
2,2, )2y — 1Y)
) (([% CNB @2 m) — (1) (2 — N B2 m) — (147) M)

([2g =7 A)®y(2,m) ([2g =7 A) Py (2,m)
c f(U).
0

Next we determine the extreme points of closed convex hulls of ﬂ;n(/\, ) de-
noted by clcoﬂ;n()\, v).
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Theorem 2.5. A function f(z) € ﬂ?(/\,fy) if and only if

F(2) = 37 (Kuha(2) + Yagal2).

n=1
where hi(2) = 2, hn(2) = 2 = Gr=mymm 2" (02 2) 0(2) = 2+ Grmnt,em

n>2), Y (Xpn+Yn) =1, X,>0andY, >0. In particular, the extreme points

n=1

ofﬂ?()\,’y) are {h,} and {g,}.

Proof. First, we note that for f as in the theorem above, we may write

@) = S (Kha(2) + Yaga(2))
N N 1—~ -
- ;(X” ) Z ([ls — N @g(mm) "

Therefore,

- ([n]g = YA)@g(n, m) - ([nlg +79A)@y(n,m)
Z 1—~ |an|+z 1—~ |0n|

n=2 n=1

=an+iYn:1—X1 <1,
n=2 n=1

and so f(z) € clcoﬁqn()\,y).
Conversely, suppose that f(z) € clcoﬂ;n()\,v). Set

([nlg = YA)Py(n,m)
1—7v

X, = la,| (0< X, <1,n>2)

([n]g +7A)@y(n, m)
1 —

Y, = b, (0<Y, <1n>1)



HARMONIC FUNCTIONS DEFINED BY ¢-DIFFERENTIAL OPERATORS 87

and X7 =1— > X, — > Y,,. Therefore f(z) can be rewritten as
n=2

n=1
f(z) = z— Zanz" + Zl_)nE”
n=2 n=1
= z—i 1= Xz”—i—i 1= Y, z"
“— ([n]q = YA) @4 (n, m) — ([nlg — 7A) @y (n,m)

= z+4 Z(hn(z) —2) X, + Z(gn(z) —
= 2{1—i){ ZY}+Zh X+Zgn

oo

= > (Xnha(2) + Yaga(2)),

n=1

as required. O

Finally, we show that ﬂ?(/\,v) is closed under convex combinations of its
members.

Theorem 2.6. The family ﬂ;n()\,v) 15 closed under conver combinations.

Proof. For i = 1,2,..., suppose that f; € ﬁ;n()\,v), where

o0 o0
z2)=1z— E a;n2" + E binz".
n=2 n=2

Then, by Theorem 2.2

i ([n]q —(7/\)<I>q(n,m) G + i ([nlq +7)\)®q(n’m>bi,n <1.

s 1—7) (I—=7)

n=1

o0
For Y t; =1, 0 <t; <1, the convex combinations of f; may be written as

i=1
=1 n=2 \i=1 n=1 \i=1

Using the inequality (2.5), we obtain

> nlg — YA ®q(n, m = = +9A) P

2([ ) f_)y( ><2tiam>+2<[ "o+ (thm>
o, [ ([Alg =) Pg(nym) s ([0lg + N Py(nym)
= ;tz (; 1—~ az,n‘}'; 1—~ bz,n)

o0

<> ti=1,

i=1
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o0
and therefore > t;f; € ﬁqn(/\, v)- O
=1
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