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ABSTRACT. In this paper, we introduce a new subclass of biunivalent function
class ¥ in which both f(z) and f~1(z) are m-fold symmetric analytic functions.
For functions of the subclass introduced in this paper, we obtain the coefficient
bounds for |am,+1] and |asm41| and also study the Fekete-Szegé functional
estimate for this class. Consequences of the results are also discussed.

1. INTRODUCTION

Let A denote the class of functions of the form

f(z)=z+ Zakzk,
k=2

(1.1)

which are analytic in the open unit disk U = {z € C : |z] < 1}. Let S be the
subclass of A consisting of functions, which are analytic and univalent in U.

The Keobe one-quarter theorem [8] states that, the range of every function of
the class S contains the disk {w : |w| < 1/4}. Therefore, every f € S has an

inverse function f~! satisfying

fHf(z) =2 (2€U)
and

FUHw) =w (lwl <ro(f);ro(f) = 1/4).
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The inverse of f(z) has a series expansion in some disc about the origin of the
form

fHw) = w+ Ayw® + Agw® + - - . (1.2)
A function f(z), which is univalent in a neighborhood of the origin, and its inverse
satisfy the condition f(f ' (w)) =w
using (1.2) yields

w= fTHw) + as(f7H(w))? + aa(f~H (w))* + -, (1.3)
and now using (1.3), we get the following result:
g(w) = [ (w) = w — ayw? 4 (243 — az)w® — (5a3 — bagas + ag)w* +--- . (1.4)

An analytic function f(z) is said to be biunivalent in U if both f(z) and f~!(2)
are univalent in U. The class of analytic biunivalent function in U is denoted by
3.

For a brief history and interesting examples of functions in the class ¥J; see the
pioneering work on this subject by Srivastava et al. [18], which has apparently
revived the study of biunivalent functions in recent years. From the work of
Srivastava et al. [18], we choose to recall the following examples of functions in

the class X::
1 1
& —log(1 — 2), §log( +2) ,

11—z 1—2z
and so on. However, the familiar Koebe function is not a member of the biuni-
valent function class . Such other common examples of functions in S as
2
z

z— — and -
2

1 — 22

are also not members of ¥ (see [18]).

If the function f and g are analytic in U, then f is said to be subordinate to g,
written as
f(z) =<g(z)  (2€)

if there exists a Schwarz function w(z), analytic in U, with

w(0)=0 and |w(z)] <1 (z € U)
such that
f(z) = g(w(z))  (z€U).

Lewin [11] studied the class of biunivalent functions, obtaining the bound 1.51
for the modulus of the second coefficient |as|. Subsequently, Brannan and Clunie
[6] conjectured that |as| < /2 for f € . Later on, Netanyahu [14] showed that
max |az| = 3 if f(z) € ¥. Brannan and Taha [7] introduced certain subclasses
of the biunivalent function class 3 similar to the familiar subclasses S* () and
K () of starlike and convex functions of order 5 (0 = 8 < 1) in U, respectively
(see [14]). The classes S% (8) and K, () of bistarlike functions of order £ in U and
biconvex functions of order § in U, corresponding to the function classes S* (3)
and K (), were also introduced analogously. For each of the function classes
St (B) and Ky (B), they found nonsharp estimates for the initial coefficients.
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Recently, motivated substantially by the aforementioned pioneering work on this
subject by Srivastava et al. [18], many authors investigated the coefficient bounds
for various subclasses of biunivalent functions (see, for example, [1], [2], [3], [4],
[10], [13], [L5], [20], [22], and [23]). Not much is known about the bounds on the
general coefficient |a,,| for n = 4. The coefficient estimate problem for each of the
coefficients
la,| (neN\{1,2}, N={1,2,3,...})

is still an open problem.

For each function f in S, the function h given by

h(z) = %/ f(z")  (meN)
is univalent and maps the unit disk U into a region with m-fold symmetry. A

function is said to be m-fold symmetric (see [16]) if it has the following normalized
form:

f(z) =2+ Z App1 2! (meN, zel). (1.5)
k=1

We denote the class of m-fold symmetric univalent functions by 5,,, which are
normalized by the above series expansion (1.5). In fact the functions in the
class S are one fold symmetric (that is m = 1). Analogous to the concept of
m-fold symmetric univalent functions, one can think of the concept of m-fold
symmetric biunivalent function in a natural way. Each function f in the class X
generates an m-fold symmetric biunivalent function for each positive integer m.
The normalized form of f is given as (1.5) and f~! is given by as follows:

g(w) =W — am+12m+1 + [(m + 1)afn+1 — a2m+1} meH

1
_ {é(m +1)(Bm +2)al .1 — (3m + 2)ami1a2mi1 + azmer | W 4
(1.6)

where f~! = g. We denote the class of m-fold symmetric biunivalent functions by
Y. For m =1, the formula (1.6) coincides with the function (1.4) of the class X.
Some examples of m-fold symmetric biunivalent functions are given here below:

( z™ )’;’ [—log(1 — 2™)]™ , [%log (iti:)é] |

1—2z2m
Here in this paper, we also denote P the class of analytic functions of the form

p(z) =14piz+p2°+---,

3=

such that
R(p(z)) >0 (z € U).

In view of the work of Pommerenke [16] the m-fold symmetric function p in the
class P is of the form

p(2) = 14 2™ + Com2®™ + C3p2™™ + -+ . (1.7)
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Let ¢ be an analytic function with positive real part in U, with ¢(0) = 1 and
¢'(0) > 0. Also, let ¢(U) be starlike with respect to one and symmetric with
respect to the axis. Thus, ¢ has the Taylor series expansion

¢(z) =1+ Biz+ Bo2* + B3z’ + -+ (B; >0). (1.8)

Suppose that u(z) and v(w) are analytic in the unit disk U with «(0) = v(0) =
0,|u(2)| < 1, and |v(w)| < 1.
We suppose that

U(2) = by 2™ + by 2®™ + b3 2™ - - (2| < 1) (1.9)
and
V(W) = 2™ + o™ + 32+ (lw] < 1). (1.10)
It is well known that
bl < 1, [bom] < 1= [binl?, lem| < L feam| < 1= el (1.11)
By simple computations
d(u(z)) = 1+ Bibyz™ + (Bibay + Bob?)2*™ + - - - (lz| < 1) (1.12)
and
d(u(2)) = 1+ Biemz™ + (Bicam + Bac?))2*™ + -+ (Jw| < 1). (1.13)

Babalola [5] defined the class Ly(/) of A-pseudo-starlike functions of order § as
below.

Definition 1.1. Let f € A; suppose that 0 < 8 < 1 and that A > 1 is real. Then
f(2) € L\(B) of A-pseudo-starlike functions of order /5 in the unit disk if and only

if R
2[f'(2)]
Re————— > [3.
f(2)
1
Babalola [5] proved that, all pseudo-starlike functions are Bazilevic of type (1— X)
1

order [ X and univalent in open unit disk U.
We now introduce the following subclass of m-fold symmetric biunivalent func-
tion class >,,.

Definition 1.2. A function f € X,, said to be in the class S5, (¢), if the following
subordination conditions hold:

SILC)
) =< ¢(2) (1.14)
and
wly)
e < p(w),

where g = f~! and \ > 1.
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For various special choices of the function ¢ and for the case when m = 1, our
function class Sg,,(¢) reduces to the following known classes:

(1) Taking m = 1, the function class is given by
Stm(9) = 52.1(6) = S3(9).

(2) For m =1 and ¢(z) = (1—1—;

S3m(9) = 53, (G . ))

was studied by Joshi et al. [10].

) (0 < o < 1), the function class given by

(3) For m = 1 and ¢(z) = (%—jﬁ)z) (0 < B < 1), the function class
given by
1+(1-2
Sem(0) = 9%, <+(1fzﬁ)z)

was studied by Joshi et al. [10].

Motivated by the work of Ma and Minda [12] and Srivastava et al. [19], we
introduce a new subclass of m-fold symmetric biunivalent functions. We obtain
the coefficients bounds for |a,,1| and |ag,+1| and also the Fekete—Szegd functional
estimate for the subclass. The results improve the earlier results of Joshi et al.

[10].
2. COEFFICIENT ESTIMATES

We begin this section by finding the estimates on the coefficients |as| and |as|
for functions in the class S3 ,(¢) proposed by Definition 1.2.
Theorem 2.1. Let the function f given by (1.5) be in the class S3,,(¢). Then

B1vV2B;
\/2()\m+)\f 1) B1 + |[(m2X2 + Am2 + 2mA2 — Am + A2 — 2A —m + 1)B? — 2(Am + X — 1)2B,|
(2.1)

|am+1| S

la2m 1] <
B 2(Am+A—1)2
EmAt A=)’ B < 3 DEma AT
(m+1)— 2(mA+A—1)2 B3
[2mA+A—1[B1 ) 2(mA+A—1)2B1+[(m2X24+m22A+2mA%2 —mA+A2 -2 \—m+1) B? —2(mA+A—1)2 By |

1
t Eamtaoip

B > 2

(2.2)
Proof. Let f € Sgym and g = f~!. Then there are analysis functions u : U — U
and v : U — U, with

u(0) = v(0) =0,
satisfying the following conditions:
/ A
ATOF _ e (2.

f(z)
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and
wlg'(w)*
———— = ¢(v(w)). 2.4
S = ov(w) (24)
Comparing the corresponding coefficients of (2.3) and (2.4) yields
(m)\ + A— 1)am+1 = Blbm, (25)

A—1 1
[)\(m + 1) (()Q(,rn—'_) - 1> + 1] a$n+1 + (2777)\ + A — 1)a2m+1 = Blbgm + BQb?n?

(2.6)
— (mA+ A= 1Dayi1 = Bio, (2.7)
and
A—1 1
[)\(m +1) (()2(m+) + Qm) — m] a,2n+1 —(2mA+A—1)agms1 = B1C2m+B2C3n.

(2.8)
It implies from (2.5) and (2.7) that

Cm = —bpm. (2.9)
By adding (2.6) and (2.8), further computation using (2.5) and (2.9) lead to
[(Mm2X2 +am? +2mA? — Am + A% —2X —m + 1) B} — 2(Am + X — 1)?Bz] a2, = Bi(bam + com).  (2.10)
Using (2.9) and (2.10), together with (1.11), yield

|(m2A2 4+ Am2 +2mA% = Am+ A2 —2X—m+1)Bf —2(Am+ X —1)2By||am1]* < 2B3 (1 — b |?).

(2.11)
Equations (2.5) and (2.11) give the desired estimate on |a,,,1| as asserted in
(2.1). By subtracting (2.8) from (2.6), we obtain

22mA + A — Dagmi1 = (m+ 1)(2mA + X — 1)aZ, 1 + Bi(bam — com).  (2.12)
From (1.11), (2.5), (2.8), and (2.12), it follows that

m—+1 B
o] < 5?4 B o + )
il R D
= 2 T o+ A — "
m+ 1 (mA+ X —1)? 9 By
= - Y B e P —
2 [2mA+ A — 1| By 12mA + A — 1]
which implies the assertion (2.2). O

For the case of one-fold symmetric function, Theorem 2.1 reduces to Corollary
2.2 below.
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Corollary 2.2. Let the function f given by (1.5) be in the class Sx(¢p). Then

BV By

|ag| < (2.13)
VA =1)[(2A — 1) By + |AB? — (2A — 1) By|]
and
By (2A—1)?
3317 B < S5
las] < (2A-1) B} (2x-1)
22—1)2 7 By 22—1)2
(1 - (3>\71)Bl> BB - N B (1B, | 317 By > 5
(2.14)
Remark 2.3. For f € Sp(¢), the function ¢ is given by
1 «
¢(z):<1+z) =1+2az+2a%2* +--- 0<a<l),
—z

and so B; = 2a and B, = 2a?. Hence Corollary 2.2 reduces to an improved
results of Joshi et al. [10].
On the other hand when
1+ (1—-20)z
bz) =
By = By = 2(1 — f3), and thus Corollary 2.2 reduces to the improved results of
Joshi et al. [10].

=1+2(1—-83)z+2(1—B)2"+--- (0<p<1),

For the case of one-fold symmetric functions with A = 1, the class reduces to
the strongly starlike functions; the function ¢ is given by

1 «
¢(z):(1+z) =14 20z+2a%z+--- 0<a<l), (2.15)
—Z

which gives
By = 2a and B, = 2a°.
Hence, Theorem 2.1 gives the following corollary.

Corollary 2.4. Let the function f given by (1.5) be in the class Sy, ()%
Then

2c0
as| < 2.16
o] < — = (2.16)
and
a, O<a§i,
lasl <4 ¢ 2 o (2.17)
1+a’ 1S0=

For the case of one-fold symmetric functions with A = 1, the class reduces to
the strongly starlike functions, and the function ¢ is given by

$(z) =1+2(1=B)z+2(1-B)z"+--- (0SB <)

so that
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Corollary 2.5. Let the function f given by (1.5) be in the class S, (%) :
Then

2(1 —
0] < —2L =5 2.18)
JI+1- 28]
and
= 0<B<3,
|as| < (2.19)

3. FEKETE-SZEGO PROBLEM

The classical Fekete—Szego inequality, presented by means of Loewner’s method,
for the coefficients of f € S, is

|ag — pa3] <1+ 2exp(=2p/(1 = p)) for pe[0,1),

As u — 17, we have the elementary inequality |az —a3| < 1. Moreover, the
coefficient functional
(I)u(f) =as — Nag

on the normalized analytic functions f in the unit disk U plays an important
role in function theory. The problem of maximizing the absolute value of the
functional ®,(f) is called the Fekete-Szegd problem, see [9].

In this section, we aim to provide Fekete-Szego inequalities for functions in the
class S3,,(¢). These inequalities are given in the following theorem.

Theorem 3.1. Let the function f(z), given by (1.5), be in the class S5 ,,(¢).

Then
B,y
O 0 < ()] < e
2mA+ A — 1|’ 2[2mA+A—1]
‘a2m+1 - Ma?n+1| < | | (3.1)

2By [h(p)], ()| = ey

where

B2(m+1—-2
h(p) = i( 1)

2 [(m2X2 + m2X +2mA2 — mA + A2 = 2X —m + 1) B} — 2(mA + XA — 1)?By]

Proof. From the equation (2.10), we get

2= B} (bam + cam)
L (m2A2 £ 2N+ 2mAZ —mA + A2 — 20 —m + 1)B? — 2(mA + X — 1)2B,’
(3.2)
By subtracting (2.6) from (2.8), we get
1 By (b, — com,
Aom+1 = (m+1) 1(bz Cam) (3.3)

2 T S0mA A1)
From equations (3.2) and (3.3), we obtain

1 1
— 2 — —
G2m1 =i = B Kh(“) T 3emA A 1)) bam + <h(”) 2(2mA+ A — 1)) 02’”] ’
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where
W) = Bi(m+1—2p)

=3 [(M2A2 + m2X +2mA2 — mA + A2 — 2 —m + 1)B} — 2(mA + A — 1)?By]
All B; are real and B, > 0, which implies the assertion equation (3.1). O

For the case of one-fold symmetric functions, Theorem 3.1 reduces to the fol-
lowing Corollary 3.2.

Corollary 3.2. Let the function f given by (1.5) be in the class S3,(¢). Then

3)1\3_117 0 S |h(“)| < Q(Tl_l)7

2B1|h(p), |h(p)] > 2(3)%—1)’

’03 — Mag‘ <

where
_ B (1 —p)
M) = S B = @r = DB

Taking ¢ =1 and pu = 0 in Theorem 3.1, we have the following corollaries.
Corollary 3.3. Let the function f given by (1.5) be in the class ng(gb) Then
‘a2m+1 - a3n+1‘ <

( By

B>
3 € (— ) U 9 3

Bf(m-1)
|(m2X2+m2 A +2mA2—mA+A2—2XA—m+1) B —2(mA+A—1)2Bs |’

B m2A24+m2A+2mAZ—mA+A\2—2\—m+1 U m2A24+m2A+2mAZ—mA+A2 -2 —m+1
B2 P1, 2(mATA—1)2 2(mMATA—1)2 P2 )

mEAE —mPA 4 2mA% 4+ A2 — A
L= 2(mA+ A—1)?

and
B m2A2 4+ 3m2\ 4+ 2mA% — 2mA + A2 — 3\ — 2m + 2

2= 2(mA + A — 1)? '

For the case of one-fold symmetric functions, Corollary 3.3 reduces to the
following corollary.

Corollary 3.4. Let the function f given by (1.5) be in the class S%}l(qﬁ). Then

B
—ad? < 2
a3 —a3] < 537
Also, letting A = 1, we obtain
B
‘ag - CL2 < —1
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Corollary 3.5. Let the function f given by (1.5) be in the class ng(qb) Then

|agmi1] <
.
By B,
3 & € (— ’ U ’ )
12mA + X — 1] B2 (—00,01) U (02, 00)

Bj(m+1)
|(m2X2+m2 A +2mA2—mA+A2 =2 —m+1) B —2(mA+A—1)2Bs |’

B m2AZ4+m2A+2mAZ —mA+A2 -2 —m+1 m2AZ4+m2A+2mA2—mA+ A2 —2—m+1
S 01, ) , 02,

| B} 2(mA+A—1)2 2(mAA—1)2
where
m2A2 — m2XA +2mA2 —4dmA + A2 — 3\ + 2
o1 =
! 2(mA + A — 1)
and
m2X2 4+ 3m2\ + 2mA% +2mA + N2+ X —2m
oy = )
2 2(mA 4+ A —1)2
Corollary 3.6. Let the function f given by (1.5) be in the class Sgl(qb) Then
B B 20242 +1 2024201
T 5 € (—007 ﬁ) U ((JT)'ZOO> :
lag| <
B} By < <2,\274,\+1 A ) U < A 2>\2+2)\71>
(2A—1)[AB?—(2A—1)Ba]’ B2 2x—1)2 7 221 22—17 (2a—12 |-

For the cases of one-fold symmetric functions and A = 1, Corollary 3.6 reduces
to the following corollary.

Corollary 3.7 (see [21]). Let the function f given by (1.5) be in the class S5, ; ().
Then

%, % € (—o0,—1) U (3,0),
as| <
= 5 By e (—1,1)U(L,3)
B2—By’ B? ’ >
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