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ABSTRACT. Let H™*™ be the set of all n x m matrices over the real quater-
nion algebra. In this paper, we derive the solvability conditions for the com-
mon 7-Hermitian solution to the system of two quaternion matrix equations
AleA?* + Blle?* = Cl and AQXQAg* + BQ}/QBQW* = 02. As applications,
we obtain necessary and sufficient conditions for the pair of quaternion matrix
equations A; X1 A7" = C; and A3 X5 A" = C5 to have common n-Hermitian
solution. In additions, we establish formulas of the extremal ranks of the
quaternion n-Hermitian matrix expression AsX» Al = Cy with respect to 7-
Hermitian solution of A;X; A" = C}, then we derive extremal ranks of the
generalized n-Hermitian Schur complement S4, = D—B"* A B with respect to
n-Hermitian generalized inverse A] of A;, which is a solution to the quaternion
matrix equation A4; X7 AT" = C;.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, R and C stand for the real number field and the complex
number field, respectively. Let H™*™ be the set of m x n matrices over the real
quaternion Algebra:

H = {ao + a1t + asg + azk| i = j* =ijk = —1, ap,a1,as,a3 € R} .

The symbols, A* and r (A) stand for the conjugate transpose and the rank of A,
respectively. Also, I,, denotes the identity matrix of order n. The Moore—Penrose
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generalized inverse of a given matrix A € H™*" is defined to be the unique matrix
symbolized by AT and satisfying the following four matrix equations:

(a) AXA=A, (b)) XAX =X, (¢) (AX)"=AX, (d) (XA)" = XA.

The Moore-Penrose inverse has been the subject of many researches (see [1, 7]).

Furthermore, L, and R4 stand for the two projectors Ly = I, — ATA and
Ry =1, — AA" induced by A € H™*",

A square matrix A is called an n-Hermitian matrix if A = A™ = —nA*n, where
n € {i,7,k}. The notion of n-Hermitian quaternion matrices was first studied by
Took, Mandic and Zhang [3] in 2011. There have been some papers to discuss the
topics related to n-Hermitian quaternion matrix (see [9, 4, 11]). For instance, He
and Wang [2] provided some necessary and sufficient conditions for the existence
of solution to the quaternion matrix equation

A X + (A X)" + BiYB" + C,ZC]" = Dy,

where Y and Z are required to be n-Hermitian matrices. As applications, they
derived necessary and sufficient conditions for the two quaternion matrix equa-
tions:

A1X1A717* = Ol, (11)

A X AT + BYY1B]" = Cs. (1.2)

to have n-Hermitian solutions. They also presented the general solutions to (1.1)
and (1.2) when they are consistent.

In 2006, Liu [5] gave the solvability conditions to the system of quaternion
matrix equations with two unknowns

A1X1 —|— YlBl - Cl,
AQXQ + }/232 == CQ.

Yu [10] derived extremal ranks of Schur Complement subject to system of
quaternion matrix equations

AlX = Cl,
XB; = (.

Motivated by the works mentioned above, this paper is organized as follows.
In section 2, we consider the common 7n-Hermitian solution to the system of
quaternion matrix equations:

A1X1A717* —I— 31}/13717* - Cl,

AQXQA;] + BQYVQB;] - Cg,
where C; = C" € H™>*™i A, € H™ " and B; € H™** (i = 1, 2) are given
and X; = X € H"" and Y; = Y, € H** are the unknown matrices. Also, we
derive the solvability conditions for the system of quaternion matrix equations:

(1.3)

{ AleA?* = 017 (14)

AQXQA;?* - 02,
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where C; = C" € H™*™i and A; € H™>*" (i = 1, 2) are given, and X; = X" €
H™"(i = 1, 2) are unknown. In section 3, we first derive extremal ranks of the
quaternion matrix expression f (X) = Cy — Ay X1 AT with respect to n-Hermitian
solution of the quaternion matrix equation (1.1). As an application, we establish
maximal and minimal ranks of the generalized n-Hermitian Schur complement
Sa, = D — B™A[ B with respect to n-Hermitian generalized inverse A of A,
which is a solution to the quaternion matrix equation (1.1).

The following lemma is due to Marsagalia and Styan [7], which can be easily
generalized to H.

Lemma 1.1. Let A € H™", B € H™* C ¢ H*", D € H™?, Q) € H™** and
P € H*™ be given. Then

r|A B|=r(B)—r(RgA) =r(A) —r(RaB),

r{é}:r(A)—r(CLA):r(C)—T(ALC);
A B 0
T{RfC BgQ}:T 5 gg 0 e

Some important properties of n-Hermitian matrix are given in the following
lemma.

Lemma 1.2. [2] Let A € H™™ be given. Then
(A"*)+ _ (A+)n*,
r(AT) =1 (A),
(A°4)" = A7 (4)"
(444" = (a7)" a7
(La)™ = Ran-,
(Ra)™ = Lan~

)
)

In order to establish the solvability conditions for the n-Hermitian solution to
system (1.3), we need the following results on n-Hermitian solution of the matrix
equation (1.2).

Lemma 1.3. [2] Let Ay, By and Cy = C7" be given. Set M = Ra, B, and
S = B1Ly;. Then the following statements are equivalent:
(1) Matriz equation (1.2) has a pair of n-Hermitian solutions X; and Y;.
(2)
Ry RA,CL =0, Ry, Cy(Rp,)"™ = 0.

(3)

’I"|:A1 Cl

o gk | @)l a B G e[ A B
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In this case, the n-Hermitian solution to matriz equation (1.2) can be expressed
as

X =A{Cy (D)~ SATBUMICL 1+ (BY)™ 57 (4F)"

_ %A;r (I_|_ SBT) o) (M+>77* B?* (Af)n*

— AFSWoS™ (AD)" + LaU + U™ (La,)",
Y =%M+01 (BH" [T+ (S79)"] + % (14 S*S)Bfoy (MH)™
+ LyWa (L))" + VLE + L V™
+ Ly LsWy + W™ (Ls)" (L))",
where Wy, U, V' and Wy = W3 are arbitrary matrices over H with appropriate
sizes.

Lemma 1.4. Let Ay € H™" and C; = C7° € H™™ be given. Then the
real quaternion matriz equation (1.1) has an n-Hermitian solution if and only
if AJATCy = O, that is, r [ A 4 } = r(Ay). In this case, the n-Hermitian
solution of can be expressed as

X = AFCL(AD)" + La,U+ U™ (La)™,
where U is an arbitrary matriz over H with appropriate size.

Khan, Wang, and Song [3] derived the minimal ranks of the following quater-
nion matrix expression:

F (UL, W) = Ay — BiU, — (ByU)® — oyw e, (1.5)

where A; = A and W, = WY,
He and Wang [2] derived the minimal rank of the matrix expression

P (U, Wy) = A, — ByU;, — (BU)™ — CyW,.C™, (1.6)
by similar approach in [3].

Lemma 1.5. [2] Let P (U, W1) be as given in (1.6) with A = A" . Then

A B C
min [P (U, Wy)] = 2r { Bf}% g g ] —r| B™ 0 0 |—-2r(B). (1.7)
UW=wn* cm () 0

Liu and Tian [6] derived the maximal and minimal ranks of the matrix ex-
pression A — BXC — (BXC)* over the complex field C. We can obtain the
maximal and minimal ranks of the matrix expression A — BXC — (BXC)™ over
the quaternion algebra.

Lemma 1.6. [6]Let A = A™ € H™ ™, B € H™", and C € H?*™ be given. If
R(B) C R(C"™), then

* . . A B
X?E?p§nr[A—BXC—(BXC)n]:mln{r[A cn ],T{Bn* 0 }}, (1.8)
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A B A B
. . o nx1 __ * —_
Juin r[A—BXC—(BXO)"]=2r[ A C }J””{Bn* 0} ZT{C O}'
)

2. THE COMMON 7-HERMITIAN SOLUTION OF THE SYSTEM OF QUATERNION
MATRIX EQUATIONS (1.3)

The goal of this section is to derive necessary and sufficient conditions for
the system of quaternion matrix equations (1.3) to have common n-Hermitian
solution. Now, we give the fundamental result of this section.

Theorem 2.1. Let A; € H™ " B; € H™>*k and C; = C* € H™>*™i (i =1, 2)
be given, and assume that the pair of quaternion matriz equations in (1.3) has an
n-Hermitian solution. We put

Mi = RAiBi; Sz = B?,LMZ fOT (Z = 1, 2)

Denote
0 0 0 A7 AV
D1 - Al Bl 0 Cl 0 )
Ay, 0 By 0 —-Cy
Bl B 0 0O 0 0 0
Ch 0O —-B; 0 0 0 O
Dy = 0 Cy By, 0 0 0 0 |,
0 0 0O By 0 A 0
0 0 0 0 By 0 A
0 0 0 A" —AT
0 0 0 B" 0
L=l0 0o o o BFr|,
A, By 0 ¢y 0
A, 0 By 0 Cy
0 O 0 0 By 0 0 0 0 7
0O 0 0 B"™ 0 0 B 0 0
0 0 —-By ) 0 0 0 0 0
Ly=1| By 0 0 0 Cy 0 0 0 0
0 By 0 0 0 0 0 A O
0 0 B, 0 0 A" 0 0 A
| 0 0 0 0 0 0 A" 0 0 |
Then,
min r (X1 — Xo)=2r(Dy) —r (L) —2r [ 4 ] (2.1)
A1 X1 AT +B1Y1 B =C, Ay |7
As X AT 4 By Yo BI =C,
min r(Yy —Y3) =2r(Dy) —r(Ly) —2r [ By ] . (2.2)
A1 X, AT 4By Y B =Ch By

As X5 Ag*JrBQYQB;]* =Cs
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Proof. 1t follows from Lemma 1.3 that the general n-Hermitian solution to quater-
nion matrix equation A;X; A7 + B;Y;B]" = C; (i = 1, 2) can be written as

Xy =A{ G (AD)" — AT BOMECL [T+ (B 7] (A7)
]- * * *
AT+ 8B O (M) B (A7)

— A SIWLST (AD)™ + La Uy + U (La,)"
=Xo1 — A SIWaST* (AD)" + La, Uy + U (La,)",

* 1 * * *
Xy =AFCy (A3)" — 5A;Bm;@ [I+ (B)" s3] (43)"
]- * * *
- Lag (14 s € (M) By (43)
- A;‘S’Qwésg* (A;)n* + LA2 UQ + Ug* (LA2)17
=Xop — AF S WiST (AD)" + La,Us + Uy (Lay)",
1 * 1 *
Y :§M1+C1 (Bir)77 [[ + (SfS1)n] + 5 ([ + Sfrsl) Bfr01 (]\41+)17
+ LM1W2 (LM1>n + VlL%l + LBl‘/ln*
+ LM1 LS1 Wi + Wln* (L51>n (LMl)n
::X/Ul + LMl W2 (LMl)n + ‘/ngl + LBl ‘/117* + LM1L51W1 + Wln* (le)n (-LM1>77 9
1 « 1 «
Y, :51\4;02 (BS)" I+ (S5S2)"] + 3 (I 4 S5Ss) By Cy (M)"
+ L, Wy (Lag,)" + VoL, + Lp, V3™
+ LMQLSQW{ + Wlln* (Lsz)n (LMQ)n
=Yo2 + LM2W2/ (LMz)n + %L%Q + LBQ‘/QH* + LM2L52W1/ + Wl,n* (LSQ>77 (LM2)17 )
where Xo; and Yy, are special n-Hermitian solutions to A; X; AT + B;Y;B!" = C;
for (i = 1, 2) and Uy, Vi, Uy, Vo, Wi, Wi, Wy = W), and W, = W, are

arbitrary matrices with appropriate sizes.
Thus, the differences X; — X, and Y; — Y5 can be written as

W, 0 Sy (A"
0 Wy || sy (43)"
Uy e g (LA1)77
+ |: LA1 LA2 ] [ —U2 :| + |: Ul U2 j| |: (LA2)77
=Xo1 — Xo2 + MU + (NlU)"* + P1WP1"*, (2.3)

X1 - XQ :X01 - X02 + [ ATSl A;SQ :| {

W, 0 Ly,)"
Vi =Yy =Yor — Yoo + [ Lag, LM2}[ 02 —Wﬁ] {ELZI%}
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Lt
+[ Vi =V W -] L,
Lo ! (Ls,)" (Lar,)"
(Lsz)n (LMz)n
v
—vr
+ [ LB1 LBQ LM1LS1 LM2L52:| W
_Wl’
=Yo1 — Yoo + NoU' + (NU)™ + PBLW' P, (2.4)

where Ny = [ La, La, |, Pr=[ ATS1 A3S, |,
NQ = [ LBl L32 LM1L51 LM2L52 :|, and Pg = |: L]\/[1 LM2 j|
Applying (1.7) to (2.3) and (2.4), we obtain

XUl_X02 Nl P1:|

min r (X — Xo) =2r [ N 0 0

AleA?*+B1Y131]*:C1
AQXQA;]*J’-BQYQB;]*:CQ
Xor— X2 N1 Py
—r Ny 0 0 | —2r(Ny). (2.5)
P* 0 0

min r (Y1 —Y3) =2r
A1X1A;]*+31Y1B;7*:C1
A2X2A2*+BQY2B;7*:CQ

Yoo —Yoe N2 P
N0 0

Yoo —Yoee No By
—r Ny 0 0 | —2r(Ny). (2.6)
PF 0 0

Applying Lemma 1.1, bloc Gaussian eliminations and simplifying by A1 A By Ly, =
BiLyy,, Ry BT (AT)" AT = Ry By, and A Xp AT + BiY,;Bl" = C; for
(1 =1, 2), we obtain

Xor—Xo2 N1 P
N 00

[ Xo1 — Xo2 La, La, ATS) AFS, |
=r| (La)" 0 0 0 0
(La,)" 0 0 0 0

XOl_XO2 LAl LA2 AfSl A;SQ

R e 0 0 0 0

Xoo—Xoo I, I, AfS; AfS, 0 0

I, 0 0 0 0 AT 0

=7 I, 0 0 0 0 0 AV
0 A, 0 0 0 0 0

0 0 4, 0 0O 0 0
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—2r (Al) —2r (AQ)
[0 I, I, 0 0 0 0
I, 0 0 0 0 AT 0
=7 I, 0 0 0 0 0 AV
~AXe A 0 —AATB Ly, 0 0 0
| A2X02 0 A2 0 _AQA;BZLMQ 0 0
—2r (Al) — 2r (AQ)
[0 I, 0 0 0 0 0
I, 0 0 0 0 0 0
—r| 0 0 0 0 0 — AT AL
0 0 —A —BiLy, 0 AXpAl 0
0 0 A 0  —BsLyy, 0 — Ay X A
—2r (Ay) — 2r (As)
[0 0 0 —A" Al
—-A, —B; O C 0
=2n+r A2 0 —BQ 0 —Cg
0 M,y 0 0 0
0 0 M 0 0
—2r(Ay) —2r(Ay) —r (My) —r (M)
[0 0 0 =A™ A" 0 0
—-A, —-B; O & 0 0 O
=2n+r A2 0 —BQ 0 —CQ 0 0
0 0 0 0 0 A O
0 0 0 0 0 0 A
—2r (Al) —2r (Ag) -T [ Bl Al } —-Tr [ BQ A2 ]
0 0 0 A7 AT
=2n +r Al Bl 0 Ol 0 —-T (A1> - T (AQ)
| A2 0 B2 O _02
—T’[Bl Al}_T[BQ A2:|
:2n+7"(D1>—7”(A1)—7"<A2)—7’[Bl Al]—T[BQ AQ] (27)

Xo1 — Xo2 Ny Py
N0 0
P* 0 0
Xoi— Xoo La, La, AFS) ASS
(La,)" 0 0
=r (LA2)n
Sy (AD)™

0 0
0 0
0 0
Sy (A3)™ 0 0

o O O

0
0
0
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[ Xor— Xop La, La, ATS1 A3S,
Ry 0 0 0 0
Ry 0 0 0 0
ST (AT 00 0 0
L ST(AH)™ 0 00 0
[ Xoo—Xoo I, I, A{BiLy, AjBoLy, 0 0
I, 0 0 0 0 AT 0
I, 0 0 0 0 0 A7V
RyBY" (AD)™ 00 0 0 0 0
Ry»BY (AH))™ 0 0 0 0 0 0
0 A 0 0 0 0 0
i 0 0 A 0 0 0 0
2r (A1> —2r (AQ)
[0 I, I, 0 0 0 0 ]
L, 0 0 0 0 AT 0
I, 0 0 0 0 0 Ay
0 0 0 0 0 — Ry By 0
0 0 0 0 0 0 — Ry By
0 Al 0 _BlLM1 0 Cl 0
00 A 0  —DBsLy, 0 ~Cy |
2r (Ay) — 2r (Ay)
[0 0 0 — A7 A
0 0 0 —Ry»BY 0
0 0 0 0 — Ry By
—A1 —.Bleu1 O A1X01A117* 0
L AQ 0 _BQL]\/IZ O _AQXOQA;]*
2r (Ay) — 2r (Ag) +2n
0 0 0 —AY" A 0 0 7
o 0 0 -BY 0 M" 0
o 0 0 0 -ByY 0 M
-A -B; 0 ¢, 0 0 0
A, 0 =B, 0 —Cy 0 0
0 M 0 0 0 0 0
L 0 0 M 0 0O 0 0 |

—2r (Ay) — 2r (Ay) + 2n — 2r (M) — 2r (M,)
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0 0 0 —AT” AT 0 0 0 0]
o 0 0 -B™ 0 B™ 0 0 0
0 0 0 0 -BF 0 B 0 0
A, —-B; 0 C 0 0 0 0 0
=2n+r AQ 0 —BQ 0 —CQ 0 0 0 0
0 By 0 0 0 0 0 A4 0
0 0 By 0 0 0 0 0 A
0 0 0 0 0 A0 0 0
0 0 0 0 0 0 AT 0 0 |
—2r [ Bl Al —2r [ BQ A2 ] —2r (Al) —2r (AQ)
0 0 A" —AY
0 0 B"* 0

0 B;’* —|—27L—2T[Bl A1:|_2T|:BQ AQ}
A1 31 0 Cy 0
0 By O Cy

117

—2n—|—r —27”‘ B1 Al]—QT[BQ AQ} (28)

NF0 0
Yoo —Yee Lp, Lp, LayLs, Lwy,Ls, Ly, L,
L791 0 0 0 0 0 0
- L, 0 0 0 0 0 0
(Ls.)" (La)” O 0 0 0o 0 0
(Ls,)" (L))" O 0 0 0 0 o0
[ You— Yoo Lp Lp, Lum, L
Rg 0 0 0 0
—r| Ry 0O 0 0 0
Rgr (Lag)" 0 0 0 0
| Ry (Lay,)” 0 0 0 0
[ Yoo —Yoee I I I I O 0 0 0 7
I, 0O 0 O 0 B 0 0 0
I 0 O 0 0 0 Bg* 0 0
(Lyy)" 0 0 0 0 0 0 S" 0
| (Lw)” 0 0 0O 0 0O 0 o0 S
0 By O 0 0 0 0 0 0
0 0 By O 0 0 0 0 0
0 0O 0 M O 0 0 0 0
0 0o 0 0 My 0 0 0 0 |

—2r (Bl) —2r (BQ) - T (Sl) —T (SQ) —T (Ml) — T (MQ)
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OOOOMO%OOOO

B, |

0 Iy I I I 0 0 0
I 0O 0 0 0 Bl 0 0
I 0O 0 0 0 0 By 0
0 0 0 0 0 —(Ly)"Br 0 S
=r 0 0O 0 0 0 0 — (Lyp,)" By 0
-BiYy B 0 0 O 0 0 0
BsYyse 0 By 0 O 0 0 0
0 0 0 M O 0 0 0
0 0 0 0 M 0 0 0
—2T<Bl)—ZT(BQ)—T(Sl)—T(SQ)—T[Al Bli|+T(A1>_T|:A2
+ 7 (Az)
0 I, O 0 0 0 0 0 0 7
I, 0 0 0 0 0 0 0 0
0 0 0 0 0 -BY By 0 0
0 0 0 0 0 0 0 S 0
=r| 0 0 O 0 0 0 0 0 S
0 0 —Bl —Bl —Bl Cl 0 0 0
0 0 DBy 0 0 0o —-Cy 0 0
0 0 0 RabB 0 0 0 0 0
0 0 0 0 R4,By 0O 0 0 0 |
—2r(By) —2r (By) —r(S1) —r(S2) —r [ Ay By |+r(A)—r| A By |
"‘T’(AQ)
[0 0 0 —-B" Bl
-By, -By —-B; Ch 0
=2k +r BQ 0 0 0 —CQ
0 RabB 0 0 0
0 0 R4,By 0 0

—2r(B1) = 2r(Be) —r[ A1 By +7r(A)—r[ Ay By | +7(4A)

=2k+r

—2r (B

=2k+r

—2r (B

[
0O 0 0 -—B™ B 0 0
-B, -B, -B, C; 0 0 0
B, 0 0 0 —Cy 0 0
0 B 0 0 0 A 0
0O 0 B, 0 0 0 A

1)—2T(B2)—7’[A1 Bl}—T[AQ Bg}
(B B 0 0 0 0 0
0 -B, 0 0 0 0

¢, B, 0 0 0 O
0 0 B 0 A 0
i 0 0 0 By 0 A

1)—27“(32)—7"[141 Bl}—’l“[Az Bg}

cool

:2]€+T(D2)—2T(B1)—QT(BQ)—T[Al Bl } _T[AQ B2:|
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Yoo =Y N P
N0 0
PP 00 ]
[ Yo — Yoo Lp, Lp, Ly,Ls, Ly,Ls, Ly, L ]
L%l 0 0 0 0 0 0
L%Q 0 0 0 0 0 0
r| (L) (La)” 0 0 0 0 0 0
(Ls,)" (Ing)” O 0 0 0 0 0
(Log,)" 0 0 0 0 0 0
(Log,)" 0 0 0 0 0 0
Yoo =Yoo Lp, Lp, Ly, Lu,
Rg- 0 0 0 0
r| Ry 0 0 0 0
Ry 0 0 0 0
Ryp- 0 0 0 0
[ Yor— Yo L Iy I Ik O 0 0 0 7
L 0 0 0 0 B" 0 0 0
I, 0 O 0 0 0 Bg* 0 0
1, 0O O 0 0 0 0 Mln* 0
r I, 0O O 0 0 0 0 0 Mg*
0 By 0 0 0 0 0 0 0
0 0 By O 0 0 0 0 0
0 0O 0 M O 0 0 0 0
| 0 0O 0 0 M O 0 0 0
—2r (By) — 2r (By) — 2r (My) — 2r (M>)
[ 0 I, 0 0 0 0 0 0 0
1, 0 0 0 0 B?* 0 0 0
1, 0 0 0 0 0 Bg* 0 0
1, 0 0 0 0 0 0 Mf* 0
r 1, 0 0 0 0 0 0 0 Mg*
-B%Yy By —-By —-By —B; 0 0 0 0
ByYyw 0 By 0 0 0 0 0 0
0 0 0 My 0 0 0 0 0
i 0 0 0 0 My 0 0 0 0
— 27’ (Bl) — 27" (BQ) — 27’ (Ml) — 27’ (MQ)
[0 0 0 —B B 0 0
0 0 0 —B" 0 BYLg 0
0 0 0 —B™ 0 0 BFL
r _Bl _Bl _Bl Cl 0 0 0
Bs 0 0 0 —CYy 0 0
0 RuB 0 0 0 0 0
0 0 RyuB 0 00 0

119
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2]{3 — 2r (Bl) — 2r (BQ) — 2r (M1> — 2r (MQ)

-0 0 0 -—-B" B 0 0O 0 017
0 0 0O -B 0 B 0 0 0
0 0 0 —-B" 0 0 B 0 0
-B, -B, -B; 0 0 0O 0 0
=r| By 0 0 0 —Cy 0 0O 0 O
0 B, 0 0 0 0 0 A 0
0 0 B, 0 0 0 0 0 A,
0 0 0 0 0o A 0 0 0
| 0 0 0 0 0 0 A 0 0 |
—2r (By) — 2r(Bg) — 2r (My) — 2r (M) — 2r (Ay) — 2r (Ay)
0 I, O 0 0 0 0 0 0 7
I, 0 O 0 0 0 0 0 0
0 0 0 0 0 —B" BJ* 0 0
0 0 0 0 0 —B" 0 M 0
=r| 0 0 O 0 0 — By 0 0 M)
0 0 —By, —B; —B;y BYyB/" 0 0 0
0 0 By 0 0 0 —ByYye B 0 0
0O 0 0 M, 0 0 0 0 0
0 0 0 0 M, 0 0 0 0 |
—2r (Bl) —2r (BQ) —2r (Ml) —2r (MQ)
T 0 0 0 0 By 0 0 0 07
0 0 0 B 0 0 B 0 0
0O 0 —-By C; 0 0 0O 0 0
=2k+7r| By 0 0 0 Cy 0 0O 0 0
0 By 0 0 0 0 0 A 0
0 By 0 0o A" 0 0 A
) 0 0 |

0
o 0 0 0 0 AT

—27’(31)—27"(32>—27”[A1 Bl}—QT[AQ BQ]
=2k+r(Ly) —2r(B1)—2r(Bs) —2r[ A1 By | —=2r[ Ay By ]. (2.10)

T(Nl) :T’[LAl LA2 }

L, I,
=r| A O —T(Al) _T(AQ)
0 A,
SO TR ot
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[ I Iy L, Lu,
By 0 0 0
=T 0 BQ 0 0 —7"(81) —T(BQ) —7’<Sl) —7’<52)
0o 0 5 0
0 0 0 S
[ I, I, 0 0
B, 0 0 O
=r| 0 By 0 0 | —r(B))—r(By)—r(S1)—r(Ss)
0 0 S5 0
0 0 0 5
B,
=r| g —r(By) —r(By) + k. (2.12)
2
Substituting (2.7), (2.8), (2.11) and (2.9), (2.10), (2.12) into (2.5) and (2.6),
respectively, we get (2.1) and (2.2). O

Corollary 2.2. Let A; € H™*", B; € H™>** and C; = C" € H™>*™i (i = 1,2)
be given, and let Dy, Do, Ly, and Ly be as given in Theorem 2.1. Assume that the
pair of quaternion matriz equations in (1.3) has an n-Hermitian solution. Then
the following properties hold:

a) The system of quaternion matriz equations (1.3) has a common n-Hermitian
solution for X if and only if

2r(D1):r(L1)+2r[ﬁ; }

b) The system of quaternion matriz equations (1.3) has a common n-Hermitian
solution for'Y if and only if

2r(D2)—r(L2)+2r{g;}.

By vanishing some matrices in (1.3), we obtain necessary and sufficient condi-
tions of the system (1.4) to have common 7-Hermitian solution.

Corollary 2.3. Let A; € H™*™ and C; = C" € H™>™ (1 =1, 2) be given.
Assume that both of matriz equations in (1.4) is consistent. Then, the system
(1.4) has a common n-Hermitian solution if and only if

0 A" AT A
r| A C 0 =2r { Al ] )
Ay 0 —C, 2

3. EXTREMAL RANKS OF THE MATRIX EXPRESSION Cy — A, X AT" WiTH
RESPECT TO 7-HERMITIAN SOLUTION TO (1.1)

In this section, we derive the extremal ranks of the n-Hermitian matrix expres-
sion

F(X) = Cy — A X, AT (3.1)
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subject to n-Hermitian solution of quaternion matrix equation (1.1), where A; €
H™*™ and C; = C" € H™*™ for (i = 1, 2).

Theorem 3.1. Let f (X) be as given in (3.1). The extermal ranks of the quater-
nion matriz expression f (X) subject to the consistent equation (1.1) are as follows:

02 A2 0
max 7 (f(X))=minqr [Cy Ay |, r| AT 0 AT | —2r(A) o,
A1X1A? =C1 O Al _Cl
(3.2)
Cy Ay O Cy Ay
min 7 (f(X)=2r[Co Ay | +r | A" 0 AT | —2r| AT 0
AXiAy=Cn 0 A -Gy 0 A
(3.3)

Proof. By Lemma 1.4, the quaternion matrix equation (1.1) has an n-Hermitian
solution if and only if A;AfC} = C;. In this case, the n-Hermitian solution can
be expressed as

X1 = Aii—Cl (AT)n* + LAIU + U™ (LA1)77* ) (34)

where U is an arbitrary matrix over H with appropriate size.
Substituting (3.4) into (3.1) yields

f(X) =0y — AyATC, (Af)”* AT — AgL g UAT — (Ay Ly, UAT)™
=G — SUAT — (SUAT)™
where G = Cy — Ay AT Cy (A7) AT, S = AsLa,.
It follows from Lemma 1.6 that

X) = G — SUAT — (SUAT)™
e T f(X) = maxr | 5 — (SUAT)™]

. G S
:mln{r[G Ag},r[sn* 0]}, (3.5)
| [ Gy AATCy (AP AT — AL UAY
AlX?lefI}:C1 rf (X) B m(}nr |: - (AZLAl UAg*>n*
G S G S

Applying Lemma 1.1, block Gaussian eliminations and simplifying by A; A C) =
C1, we obtain

r[ G Ay ] =r[Co— AATC (AN)" AT Ay ] =r[Cy Ay ] (3.7)

x Cy A
_ + +)7* pn 2 2

. { Cy A2A1§§*(A1) Ay AQ(Z)—JA1 } _ Al 14(1) —r(A4). (3.8)
0 1

[ Co— AATCL (AN AT Aol
(AQLAl)n* 0
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[ Oy = AATCy (AN AT AsLy,
=7 L RA;?*A;]* O
[ Cy — ALATCy (Af)T AT Ay 0
=r Ag* 0 A717* —2r (Al)
] 0 A0
[ Gy Ay O
=r| A" 0 A" | —2r(A)). (3.9)
0 A -Gy
Substituting (3.7)—(3.9) into (3.5) and (3.6) yields the desired results in (3.2) and
(3.3). O

In the previous theorem, if the quaternion matrix equation A X, A" = Cy is
consistent, that is, AyA5 Cy = Cy, then we have the following results.

Corollary 3.2. Assume that both quaternion matriz equations A1 X, AT = C}
and Ay X, AT = Cy are consistent. Then

Cy Ay O
max 7 (Cy — Ay X1 AT) =min r(Ay),r | AT 0 AT | —2r(4y) 3,
ALX AT =0
1 0 Al _Cl
(3.10)
Cy A, 0 A
min 7 (Cy — AAX, AT ) =r | AT 0 A" | —2r [ A2 ] . (3.11)
ALX AT =0 _ 1
0 A 4

Corollary 3.3. Let the rank equality in (3.11) equal zero. Then we obtain the
same result of Corollary 2.5.

As is well known, for a given block matrix
A B
B™ D |’

where A and D are n-Hermitian quaternion matrices with appropriate sizes, the
Hermitian Schur complement of A in M is defined as

Sa=D—BT"A B, (3.12)
where A~ is an n-Hermitian generalized inverse of A, that is,
AT e{X | AXA=A X =X"}.
Now, we use Theorem 3.1 to establish the extremal ranks of S, given by (3.12)

with respect to Ay, which is an n-Hermitian solution to the quaternion matrix
equation (1.1).

Theorem 3.4. Let A, = AT",C; = C" € HY™", B € H™™, and D = D" €
H™ ™ be given. Assume that quaternion matriz equation in (1.1) is consistent.
Then

D B
S4) = mi D Bv ], —r (A}, 3.13
e SRR P S

|
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D B D B"
min 7 (Sa)=2r[ D B”*}—l—'f’[B A ]—27‘ B 0 | +r(A).
A1A;A717*=C1 1 0 A1

(3.14)
Proof. 1t is obvious that
max r(D—B"A7B)= max r(D—-B"XB),

A1 AT AT =C A1 XA =C
A1 X A=A

min r(D—B"™A;B)= min r(D-B"™XB).
A1 AT AT =C1 A1 XAT =C4
A1 XA1=A;

Thus, in Theorem 3.1, we set Ay = B"™, Cy = D and A; = AT" = C. Therefore,
we get

D B"™ 0
_ : D B™],r| B 0 A
max r (D — B™A] B) = min T[ ’ . ,
AL AT AT =Cy ( 15 0 A -4
—2r (Al)
(3.15)
D B™ 0
min r(D—-B"AB)=2r| D B™|+r| B 0 A
A1 AT AT =Cq 0 A —A
D B"™
-2r| B 0 |. (3.16)
0 A

Simplifying by Gaussian elimination, we have

D B"™ 0 D B"™ 0 D B
rl!B 0 A |=r|B A 0 :r[B I :|—|—T‘(A1). (3.17)

0 A -4 0 0 -4 !
Substituting (3.17) into (3.15) and (3.16), the proof is finished. O
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