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ABSTRACT. In this paper, we show in terms of Sullivan models that the ra-
tional homotopy of a map ¢ : HP™ — HP™'" between projective quaternion
spaces is a product of a quaternion projective space and odd spheres. We also
study the properties of a map aut; HP™ — maps(HP™ , HP™"";.) and its
G-sequence.

1. INTRODUCTION

Let h: M — N be a based map, where M and N are simply connected finite
CW-complexes. As in [13], define by w : maps(M, N;h) — N the evaluation
map, where maps(M, N; h) is the component of & in the space of mappings from
M to N, and by

wy : memaps(M, Ny h) — m (N)
the image of the homomorphism induced in homotopy groups called the mth
evaluation subgroup of h, and it is denoted by G,,(N, M;h). In particular, if
h = idy;, then the space maps(M, N; h) is the monoid aut; (M) of self-equivalences
of M homotopic to the identity of M, such that ev : auty(M) — M is the
evaluation map, and
evy 1 mi(auty (M)) — m (M)

is the image of the induced homomorphism called the mth Gottlieb group, de-
noted by G,,(M) [9].

Furthermore, as it is known that a topological pair gives rise to a natural long
exact sequence of homotopy groups, which plays an important role in relating
homotopy groups of different topological spaces, but what about the subgroups
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of homotopy groups, that is, Gottlieb groups, generalized evaluation subgroups
and relative evaluation subgroups? Thus, Woo and Lee [23] studied the properties
of relative evaluation subgroups of a pair G*(M, N; h) and proved that they fit
in a sequence

co = G ((MUNGR) — G (M) — G(M,N;B) — - - -

called the G-sequence of h. This sequence is exact in some cases, for instance,
if A is a homotopy monomorphism. Therefore, the exactness of the G-sequence
relates subgroups of homotopy groups.

An important problem is then to describe the homotopy type of the map-
ping space maps(M, N;h) in terms of the homotopy types of M and N. In
[10, 18], the authors described the rational homotopy classification problem for
the components of some mapping spaces maps(M, N;h). In particular, Mgller
and Raussen [18] gave a different proof of our main result Theorem 1.1. On the
other hand, most recently, in [13], the authors interpreted the homomorphism
m. maps(M, N;h) — m,(N) in terms of a map of chain complexes of derivations
constructed directly from the Sullivan minimal model of h. As a result, follow-
ing [13], the authors in [19, 14, 15, 7, 16, 24] used a map of chain complexes
of derivations of minimal Sullivan models of mapping spaces to compute ratio-
nal relative Gottlieb groups of some complex (resp., quaternion) Grassmannians.
It is also known that these chain complexes are L., models of mapping spaces
(see [1, 2]). However, there are few explicit computations and descriptions known
about rational Gottlieb groups of mapping spaces and their resulting G-sequence.

Thus, following [13, 2], the authors [8] studied the rational homotopy of func-
tion spaces between complex Grassmannians, whereas in [6], the main result
provided another proof of the result in [18, Example 3.4] using the L., model of
amap t: CP™ — CP™.

In this note, our main result gives another proof of a result in [18, Example 3.4]
using L., models of mapping spaces. In the process, we also describe the asso-
ciated G-sequence and the rational Gottlieb group of Fy-spaces that are rational
two stage spaces. Hence, our main result reads as follows.

Theorem 1.1. The mapping space maps(HP™ HP™";.) has the rational ho-
motopy type of HP" x S¥+7 x ... x §Hm+n)+3,

Considering the evaluation subgroups of the mapping aut; HP™ — HP™", we
have the following result.

Theorem 1.2. The G-sequence of a map
auty HP™ — maps(HP™, HP™ ;1)

15 not exact.

2. PRELIMINARIES

Throughout this paper, our study is based on minimal Sullivan models in ra-
tional homotopy theory for which [3] is the main reference. All vector spaces and
algebras are taken over a field of rational numbers Q. We begin by reminding
some standard definitions.
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Definition 2.1. A commutative graded differential algebra (cdga) is a graded
algebra (C,d) such that ab = (—1)I**lbg and d(ab) = (da)b+ (—1)*a(db) for all
a € CP,b € (4. Tt is connected if HO(C) =2 Q. If W = @& W* with Weven =
Bi>1 W2 and Wedd .= @, W21 then AW denotes the free commutative graded
algebra defined by the tensor product

/\W — S(weven) ® E(WOdd>,

where S(WWe¥") is the symmetric algebra on We® and E(W°4) is the exterior
algebra on Wedd,

Definition 2.2. A commutative differential graded algebra (AW, d) is a Sullivan
algebra whenever W = U>oW (k) and W (0) C W(1)--- such that dW(0) =0
and dW (k) C AW (k — 1). It is called minimal if dW C AZ2WV.

If M is a simply connected space, then there is a cdga Apr (M) of rational poly-
nomial differential forms on M that uniquely determines the rational homotopy
type of M [22, 3].

Let (C,d) be a cdga. A derivation 6 of degree r is a linear mapping 6 : C™ —
C™" such that 0(zy) = 0(z)y + (—1)"*126(y). Denote by Der, C the vector space
of all derivations of degree r, and Der C' = @, Dery, C'. The differential ¢ is defined
in the usual way by 00 = do 6 + (—1)""'0 o d. Let (AV,d) be a Sullivan algebra,
where V' is spanned by {v; ..., v }. Then, Der AV is spanned by 0y, ..., 6, where
6, is the unique derivation of AV defined by 6;(v;) = 0;;. The derivation 6; will be
denoted by (v;, 1). Moreover, an element v € V = 7,(X)®Q is a Gottlieb element
of m.(X) ® Q if and only if there is a derivation 6 of AV satisfying 6(v) = 1 and
such that ¢ = 0 [3, p. 392].

Let f: (C,d) — (F,d) be a morphism of cdgas. An f-derivation of degree r is
a linear mapping 6 : C™ — E™ " for which 0(xy) = 0(x) f(y) + (=1)"* f(2)6(y).
Denote by Der(C, E; f) = &,, Der,,(C, E; f) the graded vector space of all f-
derivations. The differential graded vector space of all positive f-derivations
is denoted by (Der(C, E; f),0), and the differential 0 is defined by d0 = dg o
0 + (—=1)**10 o dc, where in degree one, we restrict to the subspace of cycles in
Der,(C, E; f).

It was shown in [13] that a pre-composition with f gives a chain complex map
f*: Der(E, E;1) — Der(C, E; f) and that a post-composition with the augmen-
tation € : £ — Q gives a chain complex map e, : Der(C, E; f) — Der(C,Q;e).
The evaluation subgroup of f is defined as follows:

Gn(C, E; f) = Im{H(e,) : H,,(Der(C, E; f)) — Hy(Der(C,Q;))}.

In the case when C'= E and f = 1g, we get the Gottlieb group of (E,d) defined
as

Gm(E) =Im{H (e,) : H,(Der(E, E;1)) — H,,(Der(E,Q;¢))}.
In particular, G,,(F) = G,,(Mg) if E is the minimal Sullivan model of a simply
connected space M [3, Proposition 29.8].

Definition 2.3. A simply connected space M is called formal (see [4]) if there is a
quasi-isomorphism (AW, d) — H*(AW,d), where (AW, d) is the minimal Sullivan
model of M.
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Examples of formal spaces include spheres, quaternion projective spaces, ho-
mogeneous spaces G/H, where G and H have equal rank, and compact Kéhler
manifolds. Moreover, a product of formal spaces is also formal.

Definition 2.4. A finite simply connected CW-complex M of which the rational
homotopy group m,(M) ® Q is finite dimensional and the rational cohomology is
evenly graded is called an Fj-space (see [20]).

Examples of Fy-spaces include finite products of even dimensional spheres,
finite products of complex (resp., quaternion) projective spaces, homogeneous
spaces G/H, where H is a closed subgroup of maximal rank of a compact con-
nected Lie group G.

In [11, 20], the minimal Sullivan model of an Fy-space M is of the form
(AV,d) = (AN(Vo @ V1),d), where V' is finite dimensional and dVy = 0, dV; C AV,
Denote by < vy, vs,...,v, > the vector space generated by a finite basis {v;} of
V. Write Vo'" = Q < z1,...,2, >= P and VP4 =Q < yy,...,y, >= W, so
that (A(Ve @ Vi), d) = (A(P @ W),d) and dP = 0, dW C AP. The associated
minimal Sullivan model for an Fy-space M is a two-stage model. Moreover,

Az, ...,
A (AV, d) = D00 )
(o1, .., ap)
where (aq,...,q,) is a regular sequence in AP. Hence, M admits a minimal

Sullivan model of the form (AV,d) = (A(P®W),d), where dP = 0 and dy,, = .

Thus, Fy-spaces are formal.

3. L,.-MODELS OF MAPPING SPACES

Here we recall some standard definitions on L., algebras were introduced by
Lada and Markl [12] and L., models of function spaces studied by Buijs, Félix,
and Murillo [1, 2].

Definition 3.1. A permutation o € S, is an (m,k —m) shuffle if o(1) < .-+ <
o(m) and o(m + 1) < --- < o(r), where m = 1,...,i. The Koszul sign €(o) is
determined by

YN Ny = €(0)Yo() A A Yok,
where the subscripts indicate the degrees of the graded objects y1,. .., y,.

Definition 3.2. [I] An L., algebra is a graded vector space L = &;L; equipped
with a family of linear maps

boo=1],...,]: L¥ = L
of degree r — 2 for » > 1 called brackets such that
(1) ) are skew-symmetric, that is,
[ya(l)a s 790’(1”)] = Sgn(g)e(g)[ya(l)7 s 7y0'(7“)]7

where sgn(o) is the sign of o.
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(2) The generalized Jacobi identities are given by
> sgn(0)e(o) (1) (U (To1)s - - - Yom)): Tomit)s - - - Yolr)) = 0,
m+j=r+1 o

where o € S(m,r —m).
We follow [2] for this definition. Thus ]5:3}(0, E; f) is defined as follows:

Der;(C, E; f), P> 1,

Deri(C, B f) = {{a € Dery(C,E; f): 0a =0}, i=1.

Let (C,d) = (AW, d) be a Sullivan algebra and let ay, ..., a, € ]/)\e/r(/\I/V, E; f) be
f-derivations of respective degrees my, ..., m,. We define their bracket [y, ..., a,] €
Der(AW, E; f) of length r by

lag, .. o] (w) = (—1)’72 Z ef(wy ... Wiy .. Wi, ... wj)on(wy) . ..o (w;,),

where dw =Y wy ... w,, n =my + -+ +m,_; and € is the suitable sign given by
the Koszul convention. The desuspension defines linear maps £, for r > 1 each
of degree r — 2 on s~ 'Der(AW, E; f) by

((s7ra) = —s 0, (s ay,. .., s7 ) = (—1)Ps 7 Hay, ..., ),

where § = T2Q_T+Z§:—1l(r—i)|ai| [2]. Tt was shown in [2] that (s~! Der(AW, E; f), {,)

is an Lo, model of maps(M, N;h).

4. PRELIMINARY RESULTS

Consider a map ¢ : HP™ < HP™. In [17], the minimal Sullivan model
of HHP™ is given by (A(z4, Tamys),d) where dry = 0, drymis = 25", and the
minimal Sullivan model of HP™*" is given by (A(Ya, Yamir)+3), d) with dy, =
0, dyagm+r)+s = ¥4 . Moreover, the map HP™ < HP™* is modeled by

Fonya/ (T = Awa/ (2),

where f(y4) = x4. We have the following results.
Theorem 4.1. Let £ = (A(%4, Tamys), d). Then Gy (E) = ((25,,45))-

Proof. Consider Der(F, E;1) = &' (Qayirs & Qay, where ay is the derivation
taking x4 to one and ay,, 3 is the derivation taking 24,43 to 27 " fori =0,... m.
Then day; 13 = 0 and dayy = (m+1)ag. Hence, for 1 <i < m, [ay,43] is nonzero in
H,(Der(E, E;1)). Moreover, €,(ouit3) = 4;,3. As HP™ is a finite CW-complex,
then Gepen(E) = 0 (see [3, p. 379]). Hence, G,,,(E) = ([z;,3])- O

Lemma 4.2. Let f : C = (A(Ya, Yagmin+3),d) — Aza/(x*') = E, where
f(ys) = x4 and f(Ysgmiry+3) = 0 be given. Then, an f-derivation 04 is a cy-
cle.
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Proof. As 04(ys) = 1, then 0(04)(y4) = 0. Now it only remains to define 6, on
Ya(m+r)+3 such that

dOs(Ya(mrry+3) — 0a(dYamir)43) = 0.
Hence,

dbOs(Ya(m+r)+3) — Oa(dYamrr)+3) = dOa(Yaimrr)+3) — baly i)

A04(Yamry+s) — (m+7 + )y
As the dimension of HP™ is 4m and 4m is less than 4(m + r) for r > 1, then

(m+r+1)yy"*" is boundary, that is, (m+r—+1)y;"™" = dt. Define 04(yam4r)+3) = t.
Moreover, 06, = 0. Therefore, 6, is nonzero in H (Der(C, E; f),0). O

Theorem 4.3. Let f : C — E be a Sullivan model of a map HP™ — HP™'".
Th’en7 G*<C7 Ea f) = <[y2]7 [yZ(m+r)+3]>

Proof. Define the derivation Oyummiry4s = (y4(m+r)+3,1) in Der(C, E; f).
8«94(m+r)+3 = 0. Moreover, [04mir)+3] is nonzero in H,(Der(C, E; f), 0

is nonzero in H,(Der(C, E; f),0) by Lemma 4.2. Furthermore, H(

il and H(z)([0am+r)+3]) = [Yimir)is)- 1t then follows that G.(C, E;

(2 [y s3] 7

We note that for r = 0, it is easily verified that the model of aut; HP™ =
maps(HP™, HP™, 1) has the rational homotopy type of the product S7 x St x

- x §4F3 (see Theorem 4.1). From now on, we assume r > 1, and we establish
the following results (see [18] for another different proof).

Theorem 4.4. The mapping space maps(HP™ HP™" 1) is modeled by

(A (24, Zar435 - - - 5 Za(mtr)+3), d),
where dzy = 0 and dzgri3 = 25, ... dzagmyryrs = 257

Proof. Consider the map
f O = (A(y4ay4(m+r)+3)7 d) - /\‘T4/(x:1n+1> =D.

Then by Theorem 4.3, a vector space f)\gr(C, E; f) is spanned by
{Ba, Barsaicr, 1 = 1,...,m + 1}, where Buyaic1 = Yapmir)+3, ¥4 ) and By =
(y4,1). Thus, an L., model (L, ¢,) of maps(HP™ HP™*" 1) is spanned by
(s B4, 8 YPurgaic1, i = 1,...,m+ 1). A straightforward calculation shows that
the only nonzero brackets are as follows: [84,...,04] = Bapsai1, 1 =1,...,m+1.
Hence, £; =0for j =1,...r and £, (s Ba, ..., 8 B4) = Barrai-1-
Therefore,

C™(L) = N(2a5 247435 240475 - - + 5 Z4(mtr)+3), d),
where dzy = 0, dzy(r4i)43 = z4+’+1 for 0 <7 <m. ]

Lemma 4.5. Let (AV,d) = (AN(Vo & V1),d) be a minimal Sullivan model of an
Fy-space, where V' is finite dimensional and dVy = 0, dVi C AV,. If Vioer =
Q<ay,...,zy > and VP4 =Q < y1,...,y, >, then the generators y, ...y, are
Gottlieb elements, where the subscripts indicate the degrees.
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Proof. Fori € {1,...,r}, denote by 6; the derivation of AV defined by 6;(y,) = 0;;.
A straightforward calculation shows that 96;(y;) = 0. Thus, the generators y; are
Gottlieb elements. OJ

Proposition 4.6. Let M be an Fy-space for which m.(M) ® Q is finite dimen-
sional, and let E = (A(Vo & V1),d) be its minimal Sullivan model. Then G.(E)
is generated by < [yi],...,[ys] > as a vector space, where subscripts indicate the
degrees.

Proof. As E = (AV,d) = (A(Vh @ V1),d) with VP4 = Q < yy,...,y. >, de-
note by 6; the derivation of AV defined by 0;(y;) = 0;;. It is easily verified that
00;(y;) = 0. Then, by Lemma 4.5, the generators yi,...,y, are Gottlieb ele-
ments. Also, [04],...,[0,] are nonzero homology classes in H,(Der(E, E;1)). It
follows that €,.(01) = vyi,...,e.(y}). Since M is a simply connected finite CW-
complex, then Geyen(F) = 0 [3, Proposition 28.8]. Hence, G, (F) is generated by
< [yil,--.,[yf] > as a vector space. O

5. THE MAIN RESULT

We now prove Theorem 1.1.

Proof of Theorem 1.1. By Theorem 4.4, the mapping space maps(HP™, HP™*" 1)
is modeled by

(A(245 Zar 435 Zar 475 - - - s Za(mtr)43), d),
where dzy = 0,dzy(yiy13 = 25" for 0 < i < m. The fibration S*+7 — M 5
HP" is modeled by
(A(z4, 2ar13), d) = (A2, 2ar43) @ N2arir, D),

where dzqy = 0, dzyp 13 = zfl, Dzy = dzy, Dzypi3 = dzgpys, D2zgpir = zfz. Since
Dzypy7 is a coboundary in H*(A(zy, z4r13),d), then, p is a trivial fibration (see
[5]). Hence the cdgas

(Ca d) = (A(247 Z4r+43, Z4r+7)7 d)7

where dzy = 0,dz443 = 257, dzgryr = 2472, and

(/\(Z47 Z47"+3) & /\Z4r+7, D),

where Dzy = dzy, Dzyy3 = dzgrr3, D247 = 0, are isomorphic. Hence the cdga
(C,d) is a model of HP" x S¥*7. It follows from an induction argument that

maps(HP™, HP™" 1) has the rational homotopy type of HP" x S4+7 x ... x
S4(m+r)+3' 0

On one hand, we have the following result.
Corollary 5.1. The mapping space maps(HP™ HP™ " 1) is formal.

On the other hand, consider the inclusion ¢ : HP™ — HP™'" and the corre-
sponding model f : C' = (A(ya, Yaim+r)+3), d) = (A (24, Tam+s), d) = E. Forgetting
the desuspension, a model of the inclusion ¢, : aut; HHP™ — maps(HP™, HP™" 1)
is given by

f*:Der(E, E;1) — Der(C, E; f).
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The map f* is characterized as follows when r > m.
Theorem 5.2. If r > m, then the induced map

f*: Der(E, E;1) — Der(C, E; f)
is homotopy trivial.

Proof. Recall that L = Der(E, E; 1) = @©12,Qau;3® Qay, where ay = (4, 1) and
Qgirz = (Tymas, xy ") for i = 0,...,m. Then dayy3 = 0 and day = (m + 1)as.
Therefore,

7r*(aut1 HPm) & Q = H*(L, 5)) = <[C¥7], N [Cv4m+3]>.
Hence, aut; HHP™ has the rational homotopy type of S7 x S x ... x §4m+3 Tet
L/ = (Der<07 E7 f)> 8) = <<@;ﬂi;n(@ﬂ4z+3 @ Qﬂ4>7 8)7

fori=r,r+1,...,7r+m. The mapping f*: L — L' is defined by f*(ay),
[*(asirs) = 0fori < r,and f*(ouiys) = Baivs fori > r. I r > m, then f*(ay) = B4
and zero elsewhere. Furthermore,

COO<871L> = (/\(l’4, T3yeooy Lhi—1y--- ,I4m+3), d),
where dzy = 0 and dry;_1 = 2% for i = 1,...,m + 1. Likewise,
COO<S_1L,) = (/\(y4, Yar+35 - - - 7y4(m+r)+3)7 d)’

where dys; = 0 and dyg,3 = 24t for i = ror +1,... . m + 7. As C®(s71L/) is
quasi-isomorphic to

(Aws, Wars3), d) @ (MNWars7, - - -, Wam+r)+3), 0),
where dwy = 0, dwy,,3 = wj™, and C®(s7'L) is quasi-isomorphic to
(A(z7,. -, Zamas), 0),
and the induced map
¢ (AN(Ws, Wayi3, Wapsr, - - - s Wa(mary+3)s d) = (A(27,. .., Zam+3),0)

between minimal models is zero. O

Definition 5.3. Let f : C — E be a map, where C and E are differential graded
vector spaces. The mapping cone of f, denoted Rel.(f) (see, for example, [21, 13])
is defined by Rel,,,(f) = Cpi1 ® By, for all m > 1, and D(z,y) = (—de(x), f(z)+
dg(y)). The chain maps J : E,, — Rel,(f) and P : Rel,(f) — C,—1 are
defined by J(w) = (0,w) and P(z,y) = x, respectively. These yield a short exact
sequence of chain complexes

0= E, 5 Rel(f) 5 .y =0,

a long exact homology sequence of f

oo Hyn(Rel(H) ™8 1,0) ™ 1,,8) ™Y B (Rel(F) — - -

and a connecting homomorphism H(f).
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Following [13], there is a commutative diagram;

Der(E, E; 1) A Der(C, E; f)

Der(E,Q;¢) S Der(C,Q;¢),
where ¢ is the augmentation of either C' or E. The homology ladder for m > 2,
is given by

oo Hy(Rel(f) ™ B, (Dex(E, B 1)) L, (Der(C, B 1)) = -

H(e*)l

H(e*,e*)l H(e*)l
}-[m(Der(C, Q;e)) — -

s By (RAGF) ™D B, (Dex(B,Q;0)) €

Thus, the mth relative evaluation subgroup of f is defined as follows:
Grel = Tm{ H (e.,.) : Hy(Rel(f*)) — Hpn(Rel(f*))}.
The G-sequence of the map f : C — E is given by the sequence

(0 B0 ™ G (B) " G B T
which terminates in Go(C, E; f). Moreover, in [13, Theorem 3.5, it was shown

that this can be applied to the Sullivan model f : C' — E of the map h: M — N.
We are now in position to prove Theorem 1.2 .

Proof of Theorem 1.2. Tt follows from Theorems 4.1 and 4.3 that

G (E) = ([#hm+3])
and that
G*<C7 E; f) = <[yﬂ7 [yZ(m+r)+3]>'

We begin with the case where r > m. Let ay, ay;y3 € Der(E, E; 1) and By, Paiys €
Der(C, E; f) be defined as above. Then, f*(ay) = f4 and f*(ou+3) = 0. Further-
more, D(aq,0) = (0, 81), D(cuits,0) = (0,0), and D(0, Bs) = 0 = D(0, Bai3).
Therefore, [(auit3,0)] and [(0, B4i13)] are nonzero in H,.(Rel(f*)). We conclude
that

G:el(ca E7 f) - <[<x2m+37 0)]a [(07 yZ(m+T)+3)]>‘
Hence, the G-sequence reduces to the fragments

H(P
0= G5t (C B 1) ™) G (B) =0,

H(J) ~re
0— G4(m+r)+3(c? E; f) ;) G4(7ln+r)+3<07 E; f) - 07
and terminates with
0— G4(C, E; f) — 0.

As G4(C,E; f) =2 Q, we conclude that the last fragment of the G-sequence is
not exact. Moreover, if r < m, then f*(a4i13) = Pairs. Thus, D(ayi3,0) =
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(0

, Baivs). Hence, [(24,,,3,0)] € H.(Rel(f*)) is not in the image of H,(e,,e,).

The G-sequence reduces to the fragment

0— G2m+1(E) — 0,

which is not exact. 0
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