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ABSTRACT. When A € B(H) and B € B(K) are given, we denote by M¢ the

operator on the Hilbert space H & K of the form My = ( 13 g ) In this

paper, the closedness of ranges and left (resp. right) Drazin invertibility of
upper triangular operator matrices My are investigated.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, let H and K be infinite-dimensional separable complex
Hilbert spaces and let B(H, K) denote the set of bounded linear operators from
H to K. If H =K, then B(H,H) will be written by B(H). For given A € B(H),
B € B(K), and C € B(K,H), we denote by M an operator acting on H @ K of

the form A C
e (46). "

Various types of invertibility and regularity have been considered in literature of
an upper triangular operator matrix (1.1) as well as various types of spectra of
M¢c, where H, K are separable Hilbert or Banach spaces. One can see [1-8,14-18]
and the references therein for recent reviews on this topic. This paper is devoted
to the study the left and right Drazin invertibility of M¢ for some C € B(IC, H).

For A € B(H), write N'(A) for the kernel of A and R(A) for the range of A,
and the ascent a(A) and the descent d(A) of A are given by a(A) = inf{n >
0: N(A") = N(A"™)} and d(A) = inf{n > 0 : R(A") = R(A"™)}. Clearly,
a(A) = 0 if and only if A is injective, and d(A) = 0 if and only if A is surjective.
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If both a(A) and d(A) are finite, then A is said to be Drazin invertible, and its
Drazin inverse is denoted by AP. It follows from [13, Theorem 2.3] that A? is
unique and A has a unique decomposition A; @ Ay, where A; is an invertible op-
erator and A is a nilpotent one. An operator A € B(#) is left Drazin invertible
if a(A) < oo and R(A*™@+1) is closed. An operator A € B(H) is right Drazin
invertible if d(A) < oo and R(A¥A) is closed. The nullity and the deficiency of
A are defined respectively by a(A) = dimN(A) and S(A4) = dim K/R(A). Here
I denotes the identity operator in H.

A vast research can be found in literature devoted to the study of bounded
linear operators with closed range. Their significance stems from the many ap-
plications they have, for example, in the spectral study of differential operators
or in the context of perturbation theory, but also from the important role they
play when it comes to purely theoretical considerations. In this paper, we prove
the closedness of R(ME) for n € N which is used to give a sufficient conditions
for Mc to be left (resp. right) Drazin invertible.

2. CLOSEDNESS OF RANGE OF THE OPERATOR M@

In the following section, we find the relationship of the closedness among the
ranges R(A™), R(B") and R(M{) for n € N in the operator matrix M. We
begin with some lemmas.

Lemma 2.1 (see [10]). If A € B(H), then the following statements hold:
(1) If D € B(H), is finite rank, then R(A + D) is closed if and only if R(A)

is closed.

(2) If M and N are invertible operators, then R(MAN) is closed if and only
if R(A) is closed.

(3) If N is an invertible operator, then R(AN) = R(A).

Lemma 2.2 (see [10]). If A € B(H,K), then the following statements are equiv-
alent:

) is closed.
A*) is closed.
) = R(AA").
*) is closed.
*A) is closed.
") =R(AA).

Proposition 2.3. Let A € B(H), B € B(K) and C € B(IC,H) be given operators
such that R(A™) is closed for anyn € N and S(A"™) = oco. Then R(ME) is closed.
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Proof. For any n € N, we have
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Since 5(A™) = oo, there exists an isometrically isomorphic linear operator

J : K = R(A™)*. Define an operator S : K — H by
— (7. R(A™)*
o (1) (R,

Let ( Tk ) C H®K such that Mp ( Tk ) — ( Y ) Then A"z + Sy, — u
Ye ) pen Yk v

and B"y, — v. We have Sy, € R(A™):. Then (A"x), + Syp)ren is a Cauchy
sequence in R(A") + R(A™)L. Thus (A"zy)ren and (Syr)ren = (Jyr)ren are two
Cauchy sequences. From this we deduce that (yx)ren is a Cauchy sequence.

Let yp — yo and let A”x, — A"xg. Then u = A™xg + Sy and v = B"y.

Hence ( :}L > = M ( io ) € R(M{), which means that R(M{) is closed. O
0

Proposition 2.4. Let A € B(H), B € B(K) and C € B(K,H) be given operators
such that R(B™) is closed for anyn € N and a(B™) = oco. Then R(ME) is closed.

Proof. We consider the operator matrix

M:(%* i:). (2.1)

Since a(B") = [((B*)") = oo and R(B") is closed, then by Proposition 2.3
R(M™) is closed. On the other hand, we have

M;:(é* 59*>:TMT,

o (0T o
with T' = ( I 0 ) and T =T
Hence
(M5)" = (TMT)(TMT)...(TMT) = TM"T.
We conclude that R((M{)") is closed. Thus R(ME) is closed. O

3. LEFT AND RIGHT DRAZIN INVERTIBILITY OF M¢

Theorem 3.1. Let A € B(H) be left Drazin invertible and let B € B(K) such
that
(i) BAP*T) = oo, with a(A) = p,
(ii) there exists C' € B(K,H) such that N(C) C N(B)* and R(C) C (R(A)+
N (AP))*L.
Then Mc¢ is left Drazin invertible.

Proof. Since A is left Drazin invertible, then by Proposition 2.3 it follows that
R(ME) is closed. Now, we prove that a(M¢) < oo. It is enough to prove that
N(ME™) CN(MPE). Let (§) € N(MET). Then

{ Artly 4 APCy + AP7'CBy +--- + ACBP™ly + CBPy = 0,

Brtly =0, (3.1)
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Thus
APy 4 APCy 4+ AP7'CBy +--- + ACBP 'y = ~CBPy € R(A) N [(R(A) + N(AP))*
C R(A)NR(A)* = {0}.
Hence
APty 4 APCy + AP~1COBy + -+ ACBP 1y = 0,
BPtly =0 and CBPy = 0, then BPy € N(B) NN (C) C N(B)NN(B)* = {0}.
(3.2)
Thus BPy = 0. From the first equality in (3.2) we get
APy + AP71Cy + AP72CBy + --- + CBP 1y € N(A).
Let APz + AP7'Cy + AP2CBy + --- + CBP 'y = 1, with z; € N(A). Then
APty + APCy + AP71CBy + -+ ACBP %y — x; + CBP 'y = 0,
_ (3.3)
BPy = 0.
It induces that APz + AP~'Cy + AP2CBy +---+ ACBP~ 2y — 2, = —CBP 1y €
[R(A) + N(A)NR(A) + N (AP C [R(A) + N(AP)N[R(A) + N (A7)~ = {0}.
This implies that APz +AP~1Cy+AP2CBy+- - -+ACBP?y—x, = —CBP~y = 0.
Therefore APx + AP~1Cy + AP 2CBy + --- + ACBP~2y = x; and BP 1y = 0.
Since APz + AP~1Cy + AP2CBy + --- + ACBP~?y = x1, then
Ar~ly + AP2Cy + AP3CBy + - - + CBP 2y € N(42).
Let AP~lx + AP72Cy + AP3CBy + - - - + CBP ™%y = x5, with 23 € N'(A?%). Then

APy + AP=2Cy + AP3CBy + -+ + ACBP 3y — x5 + CBP 2y = 0,
By = 0. (3-4)
If we continue this process, then we gets
A%z + ACy — x,-1 + CBy = 0,
where x, 1 € N(AP7!). Then there exists z, € N'(AP) such that
Ar+Cy—z, =0,
{ By — S (3.6)

Thus Az—z, = —Cy € [R(A) + N (A?)|N[R(A) + N (AP)]* = {0}. It follows that
x € N(APH) = N(AP) and y = 0, so () € N(MP). Since N'(ME) C N (MEH)
we get a(Mg) < p. O

We know that the properties to be right (resp. left) Drazin invertible are dual
each other. Then we have the following result.

Theorem 3.2. Let A € B(H) and let B € B(K) be right Drazin invertible such
that
(i) a(B*) = oo with d(B) = k,
(i) there exists C € B(K, M) such that N'(A*) C R(C) and (N (B)NR(B*))* C
N(CO).
Then Me is right Drazin invertible.
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Proof. Since B is right Drazin invertible, then B* is left Drazin invertible; so by
Theorem 3.1, there exists C' € B(KC,’H) such that

M = ( B; i* ) is left Drazin invertible.

By Proposition 2.4 we have R(ME) is closed since R(M*) is closed.

Let now k = a(M) and let * € N((M2)*). Then TM*Txz = 0. It follows
that M*Tx = 0. Hence T(N((M2)*)) € N(M*). On the other hand, if x €
N(M*), then we obtain Tx € N((Mg)*). Therefore T(Txz) € T(N((ME)F)).
That is z € T(N((ME)¥)), which implies that T(N((Mg)¥)) = N(M*). Since
N(MF) = N(MF), then TN ((M)¥) = TV ((Mg)*)). Thus N (M) =
N((M)*1). Tt shows that a(Mg) < k < co. Hence d(M¢) < oo, and Mg is a
right Drazin invertible operator. 0

In the next result, we present the right Drazin invertibility of My via the
injectivity of A.

Theorem 3.3. Let A € B(H) and let B € B(K) be right Drazin invertible such
that
(i) A is injective and R(A) is closed
(ii) there exists C € B(K,H) such that N(A*) C R(C) and (N (B)NR(B*))*+ C
N(C) with d(B) = k.
Then Me is right Drazin invertible.

Proof. Since B is right Drazin invertible, where d(B) = k and C € B(K,H)
satisfies (¢1), it follows that d(M¢) = k. Now, consider the operator M given in
(2.1). If A is injective with closed range, then A* is surjective and so is (A*)F.
So, R(M*) = R((B*)¥) ®H. Thus R(M¥) is closed, and hence R(ME) is closed.
We conclude that M¢ is a right Drazin invertible operator. O

by taking adjoint in Theorem 3.3, we have the following result.

Theorem 3.4. Let A € B(H) be left Drazin invertible and let B € B(K) such
that
(i) B is surjective,
(ii) there exists C' € B(K,H) such that N(C) C N(B)* and R(C) C (R(A)+
N (AF))L
Then Me s left Drazin invertible.
We end the section with an example illustrating Theorems 3.1-3.3.

Example 3.5. Let A € B(#H) be a left Drazin invertibe operator with a(A) = p
defined by A = A0, where A; is a left invertible operator and let B = A*. Then
B = By 0 with By is a right invettible operator. Let {f;}5°; be an orthonormal
basis of R(A")* for n > p. Since R(A") is closed then 8(A") = dim R(A")*.
From dimR(A")* = oo we have dim(R(A") + N(AP))* = oco. On the other
hand, S(A") = dimN((4*)") = dimN(B") = oco. There exist an isometry T'
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from N (B™) into (R(A™) + N (AP))+L. Define C : K — H by
_ (T 0N ([ N(B") (R(A") + N (AP))*+
o= (5 0) (&) = (Gl ).

In this case, the upper-triangular operator matrix M has the operator matrix

A, 0 T 0
0 0 0 0
MC_OOBlo
0 0 0 0

Observe that N (C) = {0} ® N(B")t ~ N(B")t C N(B)* and R(C) C
(R(A™)+N(AP))+. Hence a(M¢) < p, and M is a left Drazin invertible operator.

4. APPLICATION TO A SPECTRAL BOUNDARY VALUE MATRIX PROBLEM

This section is devoted to the study of boundary value problems described by
an upper triangular operator matrices (2 x 2) acting in Hilbert spaces with a
complex spectral parameter A\,

P) {(Ffv:‘ ey =F

where F' and ¢ are given and U}, is the matrix operator defined on H & K by

Uy L
U= ( 0 U, ) :
with a given linear operator L : K — H. We first define the boundary value
problem (P) by ordered pairs (U, M¢) of an upper triangular operator matrix
M¢, where Uy, is right Drazin invertible, and we construct the adapted boundary
operator I" of Ur. We prove the existence of a unique solution of (P), and we give
an explicit expression for this solution. Before this down, we define the boundary

operator for right Drazin invertible operator.
If A" is the right Drazin inverse of the operator A, then

R(A™) = R(A™) @ N(A™),  with d(A) =m < oc. (4.1)

Definition 4.1 (see [12]). The operator I' : H — E is said to be an initial
boundary operator for a right Drazin invertible operator A corresponding to its
right Drazin inverse A" if
(i) TA™ =0 on H,
(ii) there exists an operator Il : £ — H such that I'll = Ir and R(II) =
N(A™) with m = d(A) < oo.

Proposition 4.2 (see [11]). Let A, B € B(H). Then (I — AAB) is invertible if
and only if (I — ABA) is invertible for all X\ # 0.
In this case, we have
(I —=ABA)™' =1+ AB(I -\ AB)'A (4.2)

and
(I =AAB)™' =1+ )A(I —\BA)'B. (4.3)
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Corollary 4.3. Let A, B € B(H). If \™* € p(AB), then
(I —AAB) A= A(I — ABA)™".

In the following proposition, we construct the boundary operator for a Drazin
invertible upper triangular matrix operator.

Uy L
0 U,
Urt and Uy are right Drazin inverses of Uy and Uy, respectively. Also, T'y and

[y are boundary operators for Uy and Us with the boundary spaces E and Z,
respectively. If N (U3t € N(L™Y) with m = max(d(U,),d(Us)), then the

b 0 rom H &K into E® Z is a boundary operator for Uyp.
0 T
2

Proof. We observe that I'/UT4 = 0, ['2Us4 = 0, and there exist I, : £ — H
and I, : Z — K such that T4II; = Iz, R(IL) = N(U™) and [LIl, =

Iz, R(ILy) = N(U). Denotebsz(Hl Y ):EGBZ—>X@Y.

Proposition 4.4. Let Uy, = ( ) be defined on H & K. Assume that

operator I' =

0 I
Since U; and U, are right Drzain invertible, then so is Up. Let U7 the right Drazin
inverse of Uy. Then R(Uj?) = R(UTY) & R(U3%) € N(I'1) & N(T2) = N (D).
Hence FUEd =0and I'll = Igay.

The condition N (U5"t!) € N (L™*+!) implies that R(IT) = N (U*). O

Let A and B be given linear operators on Hilbert spaces H and K, and consider
the operator M¢ defined on ‘H & K by

A C
Mc = ( 0 B ) ;
where C' is a linear operator from H into K. According to Proposition 4.4, we
define the following spectral boundary value matrix problem for unknown w €
R(UT") x R(U3") by
(U, — AM¢)w = F,
['w=9a,

where F € R(U™) x R(UM'), ® € E x Z and X\ € C is a spectral parameter. We
denote Ry[UT?A] = (I;y — A\UT?A)~1 and Ry\[U3A] = (Ix — \US4B)~t, UT4 and
U4 are right Drazin inverses of U; and U,, respectively.

Our purpose is to establish the existence and uniqueness of solutions for the
boundary value problem (P). In the theorem below, we give an explicit expression
for the solution of the problem (P).

Theorem 4.5. If \™1 € p(UT4A) N p(Us?B), then the boundary value problem
(P) is uniquely solvable for any FF € H x K and ® € E X Z and the solution is
given by

(P)

wy'® = GLo(UpF + 119),

urd 0
Urd _ ( 1 . )
L 0 U2d

where
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and
G RA[UT?A] —U'RA[UT?AJ(L — AC)R,\[U3B|
Lo= 0 R,\[U3B] '

Proof. We show that (U, — AM¢)wy® = F. We have
(UL — )\Mc)wf’q) = (UL — )\Mc)GL,CUf)F + (UL - )\MC)GL,CH(I)-

Then
(Up — AM¢)Gr cUF =
o B R)\[deA] —deR)\[UlrdA} (L— )\C)RA[UgdB] U{dfl
- (UL )‘MC) ( 0 R)\[UgdB] Ugde
(= M) (L-AC)
o 0 (Uy — AB)
« ( RA\[UT?AJUT f1 — deRA[U;lfdA](% — AC)RA\[U3?BJU3 f )
R\[U3“BlU3“ f2
- (G ypmn )
(U2 — )\B)Ung)\[BUgd]fQ ’
and

(Up = AM¢)Gp oIl =
(U1 = M) [RA[UT A1 o1 — UT'RA[UT?AJ(L — AC)RA\[U5 B2 2]
+(L — )\C)R)\[UgdB]HQQOQ
(U2 — AB)RA[U5" B]Iy2
_ ( (U1 = M)RA\[UT? AJTT 1 )
(Uz - AB) R\ [U39B]l5p3
_ ( (U1 — AA) [T + ANUTIRA[AUTY) AL 1 )
(U2 — /\B)[IK + AUFRA[BUSY B|la¢o
. ( )H1<,01 + )\AHltpl _ 0
(U2 — )\B)HQQOQ + )\BHQQOQ 0 ’
since R(I1;) = N (U™ and R(Tlz) = N (UF).
Using the fact that T1UT? = 0 and T2U¢ = 0, we get
Twi® = TGLc(USF + 110)
_ rr 0 R\ [UT?A|UTY £y — UTIRA[UTTA](L — AC)RA[USBUS? £,
- 0 Ty R,\[UF4BIUS f,
+ Fl 0 R)\[deA]Hl(pl — U{dR)\[U{dA] (L — )\C)R)\[UgdB]HQSOQ
0 I R\ [U34B]ITzp;

< FlRA[U{dA]ngol — FlU{dR)\[deA](L — )\C)R)\[UQTdB]HQ(pQ >
LoR\[US? B]l2po

1[[7.[ + )\U{dRA[Ade]A]ngol >
o[l + AUSRA[BUS B]ll2 2
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The uniqueness of the solution of (P) follows from standard arguments. That is, if

wy,wy € R(U) x R(UF") are two solutions of (P), then wy = w; — wy = ( Zg > =

Ui fo + o m m
< Udge + oty for (fo,90) € R(U") x R(US"), wo € E and g € Z. Thus,

(U, — AMg)wy = 0,
F’LU() = 0.

Since FlU{d = O,FgUgd =0 and I'll = Iggz, we deduce that ( ¥o ) = < 8 > . Then

Yo
Uy = U{dfo and vy = Ugdgo. So,
_ _ _ (U1 —AA4) (L—-)C) Ut fo
0= (UL )\MC)'UJ[) - ( 0 (U2 _ )\B) UQrng

< (Up — NAUT fo + (L — M\C)U3%gq )
(Uz — AB)U3g0 '

Then, fo = go = 0, since A= € p(UT2A) N p(Us¢B). Hence w; = ws and the uniqueness
is proved. O
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