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Communicated by H.R. Ebrahimi Vishki

ABSTRACT. Let 1 < ¢ < a < oco. The sets {(L%,17)*(R%) : « <p < oo} and
{F(q,p,a)(R?) : @ < p < oo} are two nondecreasing families of Banach spaces
such that, for both, the Lebsegue space L*(R?) is the minimal element and
the Morrey space M;"(Rd) is the maximal element. It is also known that for
1<q¢g<a<p<oo, (L9,1P)*(R?) has a predual space H(q',p’,a’)(R?), which
is also its Kothe dual space when o < p. In this paper, we obtain complex
interpolation theorems in the above mentioned three families of Banach spaces.
Our results extend analogous ones recently obtained for Morrey spaces and
their preduals.

1. INTRODUCTION AND MAIN RESULTS

For 1 < ¢ < a < oo, the Morrey space Mg = M;’“(Rd), introduced in 1938 by
Morrey [12] in connexion with regularity problems of solutions to partial differ-

ential equations, is defined as the set of all elements f of L{_(R?) for which

1

g = sup riE—3) ( /Q ( )|f(y)!qdy>q<oo

z€RL, >0

Q(m,T)IH[“"J—;“/‘ﬂF—)? v =(1,22,...,74) ER" and 0 <7 < o0,
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COMPLEX INTERPOLATION OF SOME BANACH SPACES 11

Note that if ¢ = «, then M7 coincides with the classical Lebesgue space
L® = L*(R%). However MG is strictly larger than L* when ¢ < a.

For 1 < ¢ < a < p < oo, the spaces (L9,(?)* and F(q,p, ) (see Section
2 for their definitions) have been introduced since 1988 and 2015, respectively,
[6,8]. They arise naturally in the study of Fourier multipliers and boundedness
properties of Riesz potential operators.

It is well known that, if « belongs to {q, p}, then both (L9,(?)* and F(q,p, @)
coincide with the Lebesgue space L%, and when p = oo, they coincide with the
Morrey space M. However, if ¢ < a < p, then the following strict inclusions

hold:
L ¢ F(g,p,a) & (L4 17)" & Mg,

Let us recall that, for 1 < ¢ < a < p < 00, a predual space of (L%, [)* denoted
by H(q',p', ') (see Section 2 for its definition) has been described by Feichtinger
and Feuto [5], where for 1 < s < oo, s denotes the conjugate exponent of
s, § =1- % with the convention é = 0. In [1], we proved that H(q¢, 1, )
coincides with the so-called block space Bg/ defined in [2] and which represents a
predual space of the Morrey space My

Many classical results for Lebesgue and Morrey spaces have been obtained in
the framework of the spaces (L%, [P)* and F(q,p,«) (see [4,8] and the references
therein). Although the complex interpolation spaces of Lebesgue and Morrey
spaces and their preduals are known, those of (L%, [P)*-spaces, F(q, p, a)-spaces,
and H(q',p', o/)-spaces are still unknown when 1 < ¢ < o < p < 0.

Note that the interpolation theory is a very useful tool in the study of bound-
edness properties of operators in various spaces.

The main purpose of the present paper is to describe complex interpolation
spaces of (L4, [P)*-spaces, F'(q,p, «)-spaces, and H(¢',p', o’)-spaces. In doing so,
we will use some properties of Banach lattices, which have been shown to be
useful in the description of complex interpolation spaces (see [10, 14, 17]).

Let us recall some recent results about the interpolation of Morrey spaces. For
instance, as far as Calderéon’s first and second complex interpolation functors
(Yo, Y1) = [Yp,Yi]g and (Yy, Y1) — [Yo,Y1]? (see [3] for their definitions) are
concerned, the following description of interpolations spaces of Morrey spaces
and their preduals are known.

Let 0 <0 <1,1<g¢q; <a; <ooforjin{0,1}, ¢ # ¢1, and g1 = apqs -
Define

1 1-46 0 1 1-6 0
= + —and — = + —.
q q0 q1 o Qo o

In 2014, Lemarié-Rieusset [11] proved that
oY a1]1? o
[MQO()’ M’h } o Mq ’
Later on, in 2020, Hakim [9] showed that

(M. MG, = {f e Mg lim Hf — MXez<isiny

—of.
Mg
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If in addition 1 < g; for j in {0, 1}, then it is true that
M M| = [ g | = (Mg MG = 0

g0’ g0’ qo0’
where M? denotes the closure in MY of the set C° = C=(R%) of all infinitely
differentiable and compactly supported functions on R? (see [15]). Furthermore,
Yuan [16] proved that
/ / / /! 9
Oy 0| _ Gy RO | _ Rro
[Bqé’quL - [Bqé ’Bq’l] =By
In this paper, we are interested in the description of Calderén’s, first, and
second, complex interpolation spaces [Xg, X1]g and [Xo, X;]?, where 0 < 6 < 1
and the spaces X; (j = 0,1) are both in {(L%,")*, 1 <¢<a <p<oo}, in
{F(¢,p,0), 1<g<a<p<oo},orin{H(¢,p,d), 1<qg<a<p<oo}.
Our main results are the following theorems, which extend the above results.
Theorem 1.1. Let us assume the following hypotheses:
(i) 1 <q; <a; <p; <oo with aj < oo for j in{0,1} and qo # q1,

.. g0 _ D
(11)3_(1)_(]_(1J_p_?’

(i) 0<f<1,t=t04 8 118y 0 gy

1 1
' « [ey) a1 P Do 1
(iv) (XO,X1,X] is equal to [(L‘IO,ZPO)QO’ (Lo, [pryen, (Lq,lp)oa] or

(F(QO7p07aO)7F(q17p17a1>7p<q7p7 Oé)?] .
Then

=0}

Theorem 1.2. Let us assume that the hypotheses (i), (iii), and (iv) of Theorem

1.1 are satisfied and that $* = Z—T < z—‘;. Then

[Xo, X1], = {f € X lim HfXRd\{%<|f\<n}

X0, X = [Xo. x| = [x0.%| =X,
0 0 0
where Y denotes the closure in'Y of C°.

From Theorems 1.1 and 1.2, it is clear that if X is (L9, [")* or F(q,p, «), then
X is included in X = {f € X: lim HfXRd\{l<\f|<n} ‘ = 0}. It is worth noting
n X

n—oo

that the inclusions X ¢ X C X may be strict (see Proposition 3.15).

Theorem 1.3. Let us assume the following hypotheses:
(i) 1<qgj <a;<p; <oco forjin{0,1} and gy # ¢,
(i) 0 =90 <R
e%1 @ — p1’
(iii) 0<f<1,t=L04 8 L1040 44
a a

1
q’ @0 a1 p Po j2
Then
0
(Mg, Po> ), H(dh, P, @)]g = [, Py ), Hidh, Phy )] = H(d' P, o),
Theorem 1.4. Keep the same assumptions as in Theorem 1.3. Then
[(L%, [Po) | (L%, lpl)a1]9 = (L9, 7).
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The remainder of this paper is organized as follows. Section 2 is dedicated to
Definitions. In Section 3, we prove some complementary results on normed Kothe
spaces and recall some useful properties of Calderén product of Banach lattices
and Calderén’s complex interpolation functors. We also prove some auxiliary
results on (L9, [P)*-spaces, F(q,p, «)-spaces, and H(q',p', a’)-spaces. Section 4 is
devoted to the proofs of our main results.

2. DEFINITIONS

Let L° = L°(R?) denote the set of equivalence classes (modulo equality almost
everywhere) of measurable functions on R?. Moreover, |A| and x4 stand for
the Lebesgue measure and the characteristic function of the subset A of R

For 1 < ¢ < o0, || - ||, denotes the usual norm of the classical Lebesgue space
L7 = LI(RY).

Notation 2.1. Let r be an element of (0,00). We set
d

L] I;;:H[l{j’l“,(kj“‘]-)r), k:(klak%"'akd)ezd;
=1
o Q= J{Q(m,r) : (r,z) € (0,00) x R},
o P={{Qi}ie1 C Q: I is countable and Q;NQ; =D ifi#j}.

Definition 2.2. Let us assume that 1 < ¢,p, a < .

(1) (L, 17)* = (L%, 1P)*(RY) = {f € L°: || fllgp < 0},
where .
1 Fllapa = sup 2G5 |1 f Lo (2.1)
r>0
with

-

( 1
<Z HfXI,gH2> if p < oo,

Al fllagp = kezs
sup || fxzzllg if p=o0.
\ kezd
(2) F(q,p,a) = F(q,p,a)(R) ={f € L*: |[fllp(gpa) < 0},
where
/ 1
1_1 r|” .
Sup > (IQJ“ ||l fxa q) if p < oo,
ir€ i
1l Fgpa) = <t (2.2)
sup |Q[= 4| fxeqllq if p=oo.
\ QeQ

For 1 < ¢ < a < o0, it is noted in [7, 8] that {(L%,")*:a <p < oo} and
{F(q,p,a) : « < p < oo} are two nondecreasing families (with respect to inclu-
sion) of Banach spaces such that

o F(q,p,a)=(L%IP)*={0} if a ¢ [q,p],
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o F(q,p,a) = (L9 ")* =L* if « € {q,p},
i F(Q7oo7a) = (Lquo)a = Mr?)
o if < a<p< oo, then

L G Flg.p.a) G (L% 1) G M. (2.3)
We recall below the definition of Wiener amalgam spaces.

Definition 2.3. (1) The Wiener amalgam space (L%, [P) (1 < ¢,p < o0) is
defined by

(L9,17) = (L% IP)(RY) = {f € LO(RY) : 1| fllp < 00}

(2) For 1 < g <oo, (L%¢) = {f € (L9, 1°)(RY) Tl o 1fxnlle = 0}.

It is well known that for 1 < ¢,p < oo, ((L% "), 1] - ||4p) is & Banach space in
which, when 1 < ¢ < a < p < oo, (L% 17)*) and therefore F(q,p,«) is included
(see [7] and (2.3)).

Definition 2.4. Let us assume that 1 < ¢ < a <p < oo.
(1) For a < o0, the dilation operator Stga) is an isometric operator defined
by
_d
St;a)f:paf(pl.), fel’ 0<p<oco.

(2) A sequence {(cp, pn, fn)},>; of elements of C x (0,00) x (L7, 1P") is called
an h-decomposition of an element f of L° if

( 1||fn||q’,p’ <1, n=>1,

D " ea| < o0,

n>1

F=Y St f, in L°.

n>1

\

(3) The space H(¢,p',a’) = H(¢,p',a')(RY) is defined as the set of all ele-
ments of L° whose set of h-decompositions is nonvoid; in other words,

Mot o) = 1F €10 [t < 5}
with
sty = inf {Z 'C"'} |
n>1

where the infimum is taken over all h-decompositions of f with the con-
vention inf @ = occ.
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3. PRELIMINARIES

3.1. Normed Kothe spaces. We denote by LY the set of all nonnegative ele-
ments of LY. Following Zaanen [18], we adopt the definitions below.

Definition 3.1. (1) A function norm on R? is a map o of LY into [0, oo] such
that, for any elements f and g of L and any real number a > 0, we have
(i) o(f)=0 < f=0in L°
(i) o(af) =aa(f),
(i) o(f +g) < o(f) + olg).
() f<gin L0 = o(f) < olg).
(2) If o is a function norm on RY, then L = {f € L°: o(|f]) < oo} is called
the normed Kothe space on R? defined by o.
(3) A Banach function space on R? is a Banach space (B, || - ||z) such that
(i) B is a linear subspace of L°
(ii) there is a function norm ¢ on R¢ such that B = L7 and

Ifllz =o(f]), feB.

Definition 3.2. Let L be a normed Koéthe space on R¢ defined by a function
norm o and || - ||, = o(]| - ).

(1) Anelement f of L is of absolutely continuous norm whenever lim || f,| . =
n—oo
0 for every sequence (fy)n>1 in L such that
1| > fo> fopr in IO n>1,
lim f, =0 in L.

n—oo

(2) L satisfies the Fatou property if for any sequence (f,,),>1 of elements of L
Jos it sin 29 and suplfull < oo = [f€ 2 ana i Iful = 1£1]
(3) An order ideal in L is a linear subspace A of L such that
[ge A, feLlland|f|<|g| in L' = fe€A.
We adopt the following notations.

Notation 3.3. Let L be a normed Kéthe space.
(1) Lo ={f € L: fis of absolutely continuous norm}.
@) b={reL: Im | ey anay, =0}
(3) L denotes the closure in L of the set CX° of all infinitely differentiable and
compactly supported functions on R?.

We prove the following proposition.

Proposition 3.4. Let L be a normed Kéthe space. Then

(1) L, and L are closed order ideals in L,
(2) L, is included in L,
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(3) if E is a measurable subset of R? such that xg is in L, then xg belongs
to L.

Proof. (1) e For L,, the result is contained in [18, Theorem 3, § 72 |.
o It is easy to show that L is an order ideal in L.
e It is proved in [9, Lemma 4.5] that ./\/lg‘ is a closed subspace of M7. We may
follow word for word the argumentation used there to show that L is a closed
subspace of L.

(2) Let f be an element of L,, and set, for any positive integer n, f, =
FXra\(L<f<n)-
e It is clear that f, (n > 1) are in L and satisfy

If| > |ful > [fos1] inL°  n>1.

e Set E={zeR?: |f(z)] < oo}
Since f is in the normed Kothe space L,
Let x be an element of E.

First case: f(z) = 0.

We have for any positive integer n, f,(z) =0 and so lim f,(z) = 0.
n—oo

RANE| =0 (see [18, Theorem 1, § 63]).

Second case: 0 < |f(x)| < oc.
There exists a positive integer n, such that - < |f(z)| < n,, and therefore for

any positive integer n > n, , fu,(x) = 0 and so lim fn(z) = 0. Hence (| f,]),>1
n—o0 =

converges to 0 in L°.
e From what proceeds and since f is in L,, lim ||f,||z =0, and so f belongs to
n—oo

L.
(3) Let E be a measurable subset of R? such that g belongs to L. We have
1
Rd\{—<XE<n}:Rd\E, n>1,
n

and therefore

XE XRd\{%<xE<n} = XEXRI\E = 0, n>1
Consequently,
A e Xao (3 <xpentlle =0
This proves that xyg belongs to L. Il

The following result is a generalization of point b) of Proposition 4.6 in our
paper [1]. The proof is obtained by almost the same argumentation used there.

Proposition 3.5. Let us assume that L is a normed Kothe space, that 1 < a < oo,
and that the Lebesque space L is continuously included in L. Then L, is equal
to the closure in L of L*, and therefore L, = L.

Proof. e Let f be any element of L,, and set
fn:Sgn(f)min{|f|7nXQ(0,2n)}7 nZ ]-7
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where

L8 it f(x) #0,

0 otherwise.

We have
|fulisin L and |f,| < |f| in L°, n >1,

lim f, = f in L°.

n—o0

Since f is of absolutely continuous norm in L, lim ||f — f,|lz = 0 (see [I8,
n—oo

Theorem 2 § 72 ]), and therefore f is in the closure L of L® in L.
e Let f be any element of L® and let {E,},>1 be a nonincreasing sequence

of measurable subsets of R? such that ﬂ E,| = 0. It is clear that we can
n>1
apply the classical dominated convergence theorem for Lebesgue spaces to obtain

lim ||fxg,|« =0 and, since L is continuously embedded in L, lim || fxg, | =
n—oo n—oo

0. This shows that f is in L, (see [18, Theorem 1, § 72]).

e We have proved that L* C L, C L. o

Since L, is closed in L (see Proposition 3.4), we obtain L, = L®. Therefore, since
C is dense in L® and L* is continuously embedded in L, we can conclude that
L,=1L. O

Let L be a normed Kéthe space. The Kothe dual space (or associate space) L/
of L is defined as the set of all elements g of L° such that

ol =sup{ [ lo(els@)ldss fe L analfl<1} <o

Note that L' equipped with || - ||z is a Banach function space satisfying the Fatou
property (see [18, Theorem 1, § 68 ]).
For any elements f and ¢ of LY such that fgis in L!, we set

1,(5)= || f@tw)ds.

It is known that g — T}, is an isometric linear map of L into the topological dual
space L* of L (see [18, Theorem 2, § 69 ]). Therefore we shall look L’ as a closed
subspace of L* by identifying any element g of L’ with T,.

3.2. Banach lattices. We recall the following definition from [10].

Definition 3.6. (1) A Banach space (B, || -||g) is said to be a Banach lattice
of functions (or an ideal Banach lattice) on R? whenever it is a linear
subspace of L° and satisfies the following property:

[ fel’geBand|f|<|glin L"] = [f € Band | f|z <llglz]-

(2) Let B be a Banach lattice of functions on R<,
(a) An element f of B is of absolutely continuous norm whenever
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lim || fxg,|ls = 0 for any nonincreasing sequence (E,),>; of measur-
n—00 -

(2.
n>1

(b) B is said to have an absolutely continuous norm whenever every ele-
ment of B is of absolutely continuous norm.

able subsets of R such that =0.

Remark 3.7. (1) It is easy to see that, every Banach function space on R? is
a Banach lattice of functions on R?, but the converse is not true.

(2) It is well known (see [18, Theorem 1, § 72 ]) that an element of a Banach
function space on RY is of absolutely continuous norm in the Banach
lattice of functions sense (Definition 3.6) if and only if it is of absolutely
continuous norm in the Banach function space sense (Definition 3.2).

3.3. Calderén product and Calderén’s complex interpolation functors.

Let us assume that Yy and Y; are two Banach lattices of functions on R and
0 < @ < 1. The Calderén product Yy Y of Y, and Y} is defined by

o= U {FR=C: < IRTAP in L,
fo€Yo, fieYs

and for any element f of YOI_HYIG,
1 £llya-oyo = inf {1 follys *1Fil1%; = fo € Yo, fi € Yiand [f] < [fol" i) in L°}.

It is known that Y Y} equipped with the norm || - ||Y0179Y19 is a Banach lattice
of functions on R%.

We shall use the following well known results.
Proposition 3.8. (1) ([17]). We have

1-0
Y, ~Y¢

(2) ([10, Theorem IV.1.14)]). If Y;7°Y! has an absolutely continuous norm,
then

Yo, Y]y = Yo Y/ (3.2)

Remark 3.9. If (hg, hy) is an element of Yy x Y} such that hg or hy is of absolutely
continuous norm, then |hg|'~?|h1|? is of absolutely continuous norm in Y3 ~?Y?.
Therefore, if Yy or Y; has an absolutely continuous norm, then Yol_er has an

absolutely continuous norm, and so (3.2) holds true (see the remark just after [10,
Theorem IV.1.14]).

Let us recall the following result on the relation between the Calderén product
of Banach function spaces and their Kéthe dual spaces.

Proposition 3.10 ([14, Theorem 2.10 |). IfY, and Y; are Banach function spaces
on RY satisfying the Fatou property, then

(Yo ~"y) = (v (v))".
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A particular case of [, Theorem 4.5.1] reads as follows.
Proposition 3.11. If Yy NY; is dense in both Yy and Y, then
* * %10
(Yo, Vilp)" = Y5, Y1

3.4. F(q,p,a), (L9,1?)*, and H(¢,p', ') spaces. In this subsection, we assume
that 1 < ¢ < a < p < oo unless otherwise specified. We note that the norms
(2.1) and (2.2) are very similar. In order to emphasize on this, let us adopt the
following notations:

e P.={I}: kez}, r € (0,00),

e P,={P,: re(0,00)}.

Note that, for any positive real number r, P,. belongs to P and therefore P, is a
subset of P.

For any element P = {Q; : i € I} of P and any element f of L°, we set

1_1
{0 Ifxalle} |
i€lllp

[Z (1= %1/ e,

i€l

Hf“(P,q,IW) =

Sl

P
q>] if p < oo,

q if p=oo.

11
sup [Qil= || fxq;
i€l

\

It is easy to see that for any element f of L°,

[ fllgp.a = sup HfH(P,q,p,a) = Sup ”fH(Pr,q,p,a)
PcP, r>0
and

“f”F(q,p,a) = sup HfH(P,q,p,a) .
PcP

Throughout the remainder of this subsection, X denotes the space (L%, [P)* or
the space F(q,p,«), and || - ||x is its norm. We shall now give some auxiliary
results on the space X.

Proposition 3.12. X is a Banach function space on R? satisfying the Fatou
property.

Proof. If a € {q,p}, then X = L and so the result is well known (see [18]).
We suppose that ¢ < a < p.
(1) We already know that X is a Banach space.
(2) We take S = P, if X = (L%, [P)* and S =P if X = F(q,p, a).
(a) Let f and g be two elements of L° such that |f| < |g| and g belongs to X.
For any element P = {Q; : ¢ € I} of S, we have

11 11 .
Q=" fxaills < 1Qil*"llgxqille, i€l

Therefore
“f”(P,q,p,oc) S ||g||(P,q,p,oc)'
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So
sup HfH(Rq,pxl) < sup HQH(P,qu)'
PeS PeS
Thus we obtain
1 fllx < llgllx < oo.

(b) Let (f.)n>1 be a sequence of nonnegative elements of X such that (f,),>1 T
f and sup || fn||x < co. We have
n>1

fngfn—Fl Sf n LOJ n > L.
Therefore (|| f.|lx),>, is a nondecreasing sequence and satisfies

lim | fullx = sup || fullx < [1F]lx- (3.3)
n—oo n>1

Let us consider a real number ¢ such that 0 < ¢ < ||f||x and an element
P = {Q; : i € I} of S satisfying || f||(p,qp.a) > t. There exists a finite subset J of
I such that

¢

3=

[Z <|Qz|‘i_‘11||fXQz||q>p] >t if p < 00,

ied

1_1 .
sup [Qi|* 4| fxqllg > if p=oc.

\ lGJ
Let m be the number of elements of J and set

[Z (l@i\i‘iufmuq)”—tp]% it p<o.

ied

1_1 .
S,ug’@i\“ o[ fxqillg =t if p=oc.
1€

Since (fn)n>1 T f, by the monotone convergence theorem,

(1@l fwxalla) T (IR xale), i€,

and so there exists a positive integer n, such that for any integer n > n,,

1_1 p 1.1 p .
(1R 1 xaille) > (1R 7 xals) —a if p<oc,
1€ J.

11 11
|Qil > [ faxaulle > 1Qil =l fxa
Therefore, for any integer n > n,,

11 p 11 p .
S (IR xal) > Y (1@ xall) —ma =1 if p< oo,

ied iceJ

g — @ if p=o0,

1_1 1_1 .
Sup Qi "7 faxaille > Sup Qi [l fxqillq —a=t if p=oo.
1€ 1€

Thus
||fn||(P,q7p,o¢) > t, n > n,.
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This shows that
”anX = sup ”an(P,CLP,a) >, n 2 ng.
PecS

Therefore

lim [|fullx = sup [lfullx > .
n—oo n>1

Since this is true for all 0 < ¢ < || f||x, we get

T ol > 1] (3.4
From (3.3) and (3.4) we deduce that lim ||f.|lx = ||f|lx- O
n—oo

Remark 3.13. From (2.3), Propositions 3.4, 3.5, and 3.12, Remark 3.7, we can
easily deduce the following properties:
(1) X is a Banach lattice of functions on R¢.
(2) X, and X are closed order ideals in X and therefore Banach lattices of
functions on RY.
(3) X, is included in X.
(4) if 1 <a< oo, then X, is equal to the closure in X of L*, and therefore
X, =X.

As announced in Section 1, we shall now show that the spaces X , X, and X
are different when X = (L4, [P)®. In order to do this, we need the following result.

Proposition 3.14. (L9,1°)% is included in (L7, ¢).

a

Proof. Let f be an element of (L4,[*)%, and set for any positive integer n, F,, =
RNQ(0,2n). It is clear that (E,),>; 4 @. Hence lim ||fxg, || = 0; that is,
- n—oo

for any positive real number ¢, there is an integer m, > 1 such that

q,00,x

||fXEn||q,oo7o¢ < 67 n Z mE‘

We also have

IFxnlle = Ixexally S 1 XEllyon: k€ ZT with I C E,.
Therefore, for any positive real number e,
Ifxnlly <e  keZ! with I} C Ep,.

Thus f belongs to (L7, ¢). This ends the proof. OJ
Proposition 3.15. Let us assume that d =1, 1 < q¢q < a < p < o0 and
X = (L%(?)*. Then

(1) X is strictly included in X when p < oo,

(2) X is strictly included in X when p = oc.
Proof. (1) Suppose that p < oo, and set f(z) = x_é>§(0’1)(x).

a) It is clear that 0 < f < e, where e(x) = x7axgr: (). We proved in [4

+

that e belongs to X = (L4, [?)*. Therefore, since X is a normed Kothe space (see
Proposition 3.12), we can deduce that f belongs to X.
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(b) We set, for any integer n > 2,
o = P f2<ifiany
We have

1 1
—<|f(x)|<n <= <z a<nandl<az<l | &= n<z<l,
n n

and so f, = fxg, with E, = (0,n™%].
Let us consider an element r of E, and denote by k,, the unique positive
integer satisfying

kpyr < — <k, +1
We have

_ 9
A llap = Z(/ . ada:)
keZ Enﬂllz

LA

Qs

Therefore

11
re 4 Tan

>
o (a—q

1

o q
n >
Ifolana > ()

This shows that f is not in X = (L4, ).
(2) Suppose p = oo, and set F = U E,, with

m2>1

Q
~—

Thus

Em:<m—1—|—ma%q,m—|—ma%q>, m > 1.

It has been stated (without detailed proof) in [13] that xg belongs to X =
(L7,1°°)* but does not belong to X. We shall prove that actually it is in X \X
(a) Let J = (a,a+ r) be an interval of length . Then; First case: r > 2a-1.

Since the distance d,,, = (m + 1)%—11 — ma- between E,, and E,.,1 increases
with m, we have

ENJ|<EN(L1+7)] <m,
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where m, stands for the greatest integer satisfying m, — 1 +m "% < r + 1.

Since m, —1 > 1, we have m;™* < r and so, m, < *-Z In(r). Therefore

1 1 )

11 1 1 o — q o — q = 1

r i el < 3{ qlnm} :( q) ()] < e
0

Second case: r < =1
It is easy to see that

11 1 1
reaa||xpxslly < re < 2e-a.

From what proceeds we deduce that xg is in X, and therefore by point 3) of
Proposition 3.4, it belongs to X.

(b) We have for any positive integer k, || xgXE,|l; = 1, and so xg does not belong
to (LY, ¢o). Therefore, since X, = (L9,1°°)% is included in (LY, ¢y) (see Proposition
3.14), xg is not in X,, which is equal to X (see Remark 3.13). This ends the
proof. O

Remark 3.16. Let us assume that 1 < ¢; < o; < p; < oo for j € {0,1},
6 € (0,1) and that (X, X;) is equal to either [(qu,lpo)ao,(qu,lpl)al) or

(F(Q();Po,ao), F(Qlaplval)] .

(1) Remark 3.13 asserts that for j € {0,1}, the spaces X; and (X;), are
Banach lattices of functions on R?. Moreover, the spaces (X;), (j = 0,1)
have an absolutely continuous norm. Consequently, from Remark 3.9, we
deduce what follows:

[(Xo)a» (X1)aly = (Xo)a " (X1)7,
[(Xo)a, X1lp = (Xo)2~(X1)’,

[Xo, (X1)aly = X (X1)5.

(2) Proposition 3.12 asserts that the spaces X; (j = 0, 1) are Banach function
spaces on RY satisfying the Fatou property. Therefore, by Proposition 3.10
we have

(Xo7X7)" = () (X)) (3:5)
We recall below some basic properties of H(q¢',p/, /).

Proposition 3.17 ([1]). (1) H(d, P, o), equipped with || - ||y p o), 95 @ Ba-
nach function space on R in which (LY, I"") (and also C® if1 < q) is
dense.

(2) If 1 <q, then H(q',p',a’) has an absolutely continuous norm and

[H(q'\ 0, )] = [H(d .0, o)) = (L9 17)". (3.6)
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(3) If 1<qg<a<p<oo, then H(¢,p', ) satisfies the Fatou property,
(L7, 17)°] = H(d P, o), (3.7)
and
(L2, 1P)e]" = H(d . p', o). (3.8)

Remark 3.18. Let us assume that 1 < ¢; < a; < p; < oo for jin {0,1} and that
6 € (0,1). It follows from Point 2 of Proposition 3.17 and Remark 3.9 that

(Mg, Py, ), H(dh, P, o)) = Hg, vy, ) M, s 04)’.

4. PROOFS OF MAIN RESULTS

Throughout this section, we assume, unless otherwise specified, that

o 1<¢; <a; <p; <oowith a; < oo for jin {0,1},

e 0<f<l, p=1fad L= and = R

. [XO, X1, X] is equal to ((qu,lpo)o‘o, (Lo [Pryor (Lq,lp)o‘] or
(F(Qmpo,ao), EF(q1, pr, o), F(q,p,a)] :

o (11 s 11w 111 ) i eaual to (1 Hapmmaas 1+ Hovpsass 11+ e ) o8
(- lromncor 11 le@amans I+ llras )

S="P,if [Xo,Xl,X] is equal to ((qu,lm)o‘o, (Lo, [Py (Lq,lp)o‘] ,
S="Pit (XO;XlaX] is equal to [F(Qo,Po,ao)a F(q1,p1,04), F(q,p, a)] .

We need the following two lemmas for our proofs.

Lemma 4.1. For any elements f, fo and fi of L° satisfying |f| < |fol*~°|f1|%, it
holds

£ 1% < ol 1A,
Therefore
XXV c X,

Proof. For any element P = {Q; : i € I} of S, we have

Q=" || fxq
Therefore

1_1
1 lpape = ||{1Q:7 1%

1-6 1 o
qo> <’Qi‘“ < || fixe q1> , 1€l

q}iGIHlp

< H{(@i\ié lfoxaly,)  (1Q45 Ifixa,

1_1
o = (10274 | foxa,

0
")
i€l

[P
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By Holder’s inequality, we get

< 11 1-0 11 | 0
| @ . il q :
I heaner < [[{1@1 Ifoxall f |, [{1@0 Noxall } .
1-6 0
< 1 foll(p'ge po.a0) I1/11P g1 p1.ar)-

This implies that

1-6 0
Sup 1l ®.apa) < sup 1 foll (B g0 po.a0) Sup 1 f1ll g1 p1,0)

and so

1£1lx < 1ol il

Thus
XXV c X,

Lemma 4.2. Let us assume that * = 2 < 2 for j € {0,1}. Then

a1 qQ — P

(1) for f in L° and j in {0,1}

2 +

q5 < J

[ ], <1

and
Z 3 e X _Go P
||, =y =
Xj a1 q1 P1
(2)
XX =X,

Proof. (1) Let j be in {0,1} and let f belong to L°. For any P = {Q; : i € I} in
S, we have

1 1 a 1_1 i- .
Q% 175 xal, = (100 lfxall,)” . i€l
J

Therefore

11 g 11 &

Q™ |[1£1% xe, =13 (1@ 7 I xall,)
9% ) iexllps i€ ll]Ps

Note that

SIS

%:q_0<@:>_%:ﬂ§ : jE{O,l}},

Po

B
|
5
|
e |8
|
(S

(6 - w2 je{o,l}].

;7
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i }iel
95 }z’el

Thus we get

{|Qi|a?% [11% xe

a
4 ierllp ’

1 1
< {10 I ve,

Pi

1 1
{|Qi’aj 45

This shows that

= [{1@+ ¥ Irxe

} HE
@ ierllp

Pi

QWMMM

g
oup 11
Pes

(P.q5,p5,05)
9
% — if @0 — @ _— Po
ilégH‘f’ J (P,q5,p;,015) SuprH Papa CERTINT
and so
11|, < ||f||
Hm% —HfH it S=5=5

(2) Let f be in X. By the result obtained in point (1), for j in {0,1}, f; = |f|"9
belongs to X;. Furthermore, |fy|'~%|f1|® = |f|. Consequently, f is in X3 ?X?.
This shows that

X cXx;7'x?.

From this inclusion and Lemma 4.1, we deduce the claim. O

Following essentially the argumentation used by Hakim [9] and using the above
results, we can give the proof of our first main result.

Proof of Theorem 1.1. Point (1) of Remark 3.13 asserts that the spaces X;(j =
0,1) are Banach lattices of functions on RY. Consequently, by (3.1) and Lemma
4.2, we have

X
(X0, X1], = Xo N X1 . (4.1)

(a) Without loss of generality, we assume that ¢o < ¢;.
Let f € XoN Xy, P={Q,;:i €1} €S and let n be a positive integer. We have
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for any 7 € 1,

H’Qi‘a_a (fXRd\{%<|f|<n}) XQ;

q

1_1 _ 4 90 1_1 _a a
< i@ A x neayea |, + 1R AU Xsznna
a0—49 1_1 a0 a—q1 1_1 a
<n Q77 ||[f] 7 xq T Qi I xq ,
a0—4 1_1 90 a—q1 1_1 a
=n o |Qil* 7 |[fxqllg +n e |Qil* T | fxaull2
a-a 11 “ a—ay a1 a
=n « (|Q1’ao w0 || fxo, qo) +n (‘QZ’al a || fxo, ql)
Therefore,
\{Hrm” (1 )xal }
[« ( fxgpa g1 Xo
' ® \{n<|f|<n} ) iexllip
a4 11 0
<o S (1@l % I xall,,)
i€lllip
a—a1 1 -
S (1Rl el )
ielllp
a0—4q 1 1 %O a—q1 1 1 a
— |« q | a q
noa {|QZ| o w0 || fxo, qo}iel T H{|Qz| T || fxo, ql}iel .

(because of £ = p;)

This shows that

<y B o a1 “
= ilég ||f||(P,q0,pO7a0) + n i’lég ||f||(P:lI1,p1,Oél)7

sup HfXRd\{%<|f\<n} ’(P,q,p,a)

PcS
and so

204 o a—ay &
L TN

HfXRd\{%<\f|<n}

Since qp < q1, we have ¢y < ¢ < q1. Therefore

‘ —0.
X

Thus f belongs to X. Hence we obtain XoNX; C X and since X is closed in X,
we get

hnl‘fXR%{%4ﬂ<n}

n—oo

XonX; cX. (4.2)

b) Let f be an element of X and let n be a positive integer. We have, by Lemma
4.2

Y

9—490
<n «
Xo

|f]70

1—Z 2
[£xganealy, < [ 1175101 gy *
9—4d0

a
<n o [[fl[¥ <oo
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and

1—4 4
< [ 1A L <

HfX{%<|f|<n} ‘Xl X1 X1

a1

_ 9
<n T |f|% < oo

Therefore, fX{;<‘f|<n} belongs to Xy N Xj.
Since f belongs to X, {fx{;<|f|<n}} converges to f in X and so f belongs
n n>1
to Xp N X1X. Thus
XcXonx, . (4.3)

The conjunction of (4.1), (4.2), and (4.3) shows that [X,, Xi], = X. O

Proof of Theorem 1.2. (1) By Lemma 4.1, (Xo)!7%(X;)?, (Xo)!%X? and
X37%(X,)? are continuously embedded in X. Furthermore, from Remark 3.9,
the spaces (Xo)1~?(X1)?, (Xo):9X% and X} 7%(X,)? are of absolutely continu-
ous norm. Consequently, each of the three spaces (X)L 7%(X1)?, (Xo)19X? and
X37%(X1)? is embedded in X,.

(2) Let f be an element of X,. We set f; = |f|i for j € {0, 1}.

Let {E,},>1 be a nonincreasing sequence of measurable subsets of R? such that

ﬂ E,| = 0. By Lemma 4.2 we have for any j in {0, 1},
n>1

HijEnHXj <|Ifxe. ¥ n>1.
Therefore, since f is of absolutely continuous norm, we get
T [ fixmlly, =0, 5 €{0,1}.

Hence for j in {0,1}, f; belongs to (X;)a, and so |f| = |fo|*?|f1|? is in all the
three spaces (X)L~ %(X1)?, (Xo):?X? and X;7(X,)?. Consequently, f belongs
to (Xo):0(X1)?, (Xo)2 X% and X} 7%(X,)?. Thus X, is embedded in each of
the spaces (Xo):=%(X1)?, (Xo):9X? and X170(X,)?.
(3) From the results obtained in point 1) and point 2) we have

(Xo)a"(X1)q = (Xo)o "X7 = X" (X1)q = Xa -
The above equalities and Remark 3.16 imply that

[(X0)a s (X1)alp = [(Xo)a, Xily = [Xo, (X1)alp = Xa-

Furthermore, X, = X and (Xj)a = )2]- for j in {0,1} (see point 4) of Remark
3.13). Thus we obtain

[X07Xl:| :[)%07X1:| :|:X0a)%1:| :)o(
0 0 0
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Proof of Theorem 1.5. (1) We have
[H(g6, P> a6), H{dh, P, ah)]g = Hldo, Py ap)' Q’H(ql,pl,al)e (by Remark 3.18)
(Lo, o)) O (L, ) by (37)

I
—~

= ([(LQO7 lpo)oco]1*9 (Lo, lp1)oc1]9>l (by (3.5))
= (L9, 1) (by Lemma 4.2)
= H(d ¥, ') by (3.7)

(2) Since, for j in {0,1}, (L‘lﬂ',olpj)aj is the closure in (L%, [P7)% of CZ°, it is easy

to see that (L, [ro)o N (Lot [Pr)*r i dense in both (L%, lpO)O‘O and (L‘ll,olpl)“l.
Therefore

(L, 1)ee), (o )] (by (3.8))

(im i (mivr) |

(by Remark 3.13)

0
[H (a5, pp, ), Hqy, pys o))

- (jom o]
(by Proposition 3.11)
= ((Lq,olp)a>* (by Theorem 1.2)
= (L% P)e ) (by Remark 3.13)
=H(d.p, ). (by (3.8))
0]

Proof of Theorem 1./. Since C* is dense in H(q), pj, o) for j in {0, 1}, it is easy to
see that H(qq, po, o) VM (g1, Py, @) is dense in both H(g, pp, o) and H(d), py, o).
Therefore

(Lo, o) (Lo, 7)) = [H(gh, ph. o) H(ah, 1y o)) (by (3.6))

= ([H(ab, Ph a0), H(gr. pr. 01)lp)”
(by Proposition 3.11)
)

=H(q,p, )" (by Theorem 1.3
= (L9, 1P)°. (by (3.6))
0
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