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ABSTRACT. We present some implicit methods to approximate the zeros of
monotone operators in the setting of Banach spaces. The methods considered
herein converge strongly to the desired solutions under certain assumptions.
As applications, we employ our methods to obtain solutions of convex min-
imization problems and Fredholm integral equations. Finally, we show the
effectiveness and efficiency of the algorithm considered herein.

1. INTRODUCTION

Throughout this paper, M is a real Banach space having dual M*. Let J be
a normalized duality mapping from M into 2™ as follows:

J(u) = {A" e M (u, A7) = [[ull|A"] [Jull = IAT}

where (-, -) is used as a generalized duality pairing between M and M*. For more
properties of normalized duality mapping, see [8]. A mapping G C M x M* with
domain D(G) = {u € M : G(u) # 0} and range R(G) = U{G(u) € M : u €
D(G)} is said to be monotone if

(u—v,u" —v*) >0

for all (u,u*), (v,v*) € G. To ensure the solution of nonlinear evolution equation,
Browder [6] and Kato [11] introduced new operators, namely accretive operator,
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independently. A mapping G : D(G) C M — R(G) C M is said to be accretive
if for every u,v € D(G), there exists j(u — v) € J(u — v) such that

(G(u) = G(v),j(u—w)) = 0.

For more details on accretive operators, see [11]. If a Banach space M is reduced
to a Hilbert space, then an accretive operator is equivalent to a monotone operator
in terms of Browder [6] and Minty [13].

It is widely known fact that a number of important problems arising in various
fields can be modeled in the form of initial value problem of the form

du

E+G(u) =0, u(0) = ug, (1.1)

where G is an accretive operator on the underline Banach space. The models
of heat, wave, and Schrodinger equations are some examples of such evolution
equations (see [7]). Browder [6] proved that (1.1) is solvable if G is an accretive
operator and locally Lipschitzian on the underline Banach space. Numerous
mathematicians obtained the solution of (1.1) under different assumptions on the
operator G (see [12]).

It easily implies that if u is independent of ¢ in evolution equation (1.1), then
4 — 0 and (1.1) becomes G(u) = 0. Thus the equilibrium points of the system de-
scribed by (1.1) are corresponding to approximating zeros of accretive operators;
see [0,8] and references therein. Furthermore, the problem of approximating zero
of monotone operator is related with the convex minimization problem; see [23]
for more details. Therefore, approximating a zero of monotone (or accretive) op-
erator is a paramount problem in the field of nonlinear analysis and optimization.

To obtain a zero of an accretive operator in the setting of Hilbert space X,
Browder [6] considered an operator S : X — X by S = I — G, where G is an
accretive operator and [ is the identity operator on a Hilbert space X'. The above
defined operator S is known as pseudo-contractive, and the zero of G (if it exists)
is equivalent to the fixed point of S. Thus, obtaining the solution of 0 € G(u)
is reduced to approximating the fixed points of pseudo-contractive mappings.
Therefore, in the last 30 years or so, a number of papers have been appeared in
literature dealing with some new iterative techniques for obtaining fixed points
of pseudo-contractive mappings (or, equivalently, zeros of accretive mappings);
see [8] and reference therein.

However, it can be easily seen that the methods of converting the inclusion
problem 0 € G(u) into a fixed point problem for (I — G) : M — M is not
relevant in the setting of Banach spaces, since, when G is monotone, the identity
mapping and a mapping from M into M* does not make sense (see [12,21] and
others). Considering this fact, many authors studied algorithms to approximate
solutions of equations 0 € G(u) when G : M — M* is of monotone type in
Banach spaces and this field is flourishing in the nonlinear analysis; see [9,10,23].

On the other hand, Moudafi [14] considered the following iterative algorithm:
Let X be a Hilbert space and let ) be a closed convex subset of X. Let ¢ : Y — Y
be a contraction and let S : }J — ) be a nonexpansive mapping. For all n € N,
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Bn € (0,1), uy € Y, and the sequence {u,} is defined by
Unt1 = Batd(un) + (1 = B,) S (un). (1.2)

The sequence (1.2) under certain assumptions converges strongly to a fixed point
of S, which is also a solution of the following the variational inequality:

(I —=vY)u,u—u) <0 for all uw € F(S5),

where F(S) is the set of fixed points of S. The algorithm (1.2) considered by
Moudafi is known as viscosity approximation. These methods have been enor-
mously studied in the literature in order to guarantee strong convergence of the
sequence (see [15,17,20,22] and references therein).

The implicit midpoint rule (IMR) is one of the powerful methods for solving
ordinary differential equations; see [3, 18] and the references therein. Consider-
ing this fact, Xu, Alghamdi, and Shahzad [22] obtained the following implicit
midpoint viscosity approximation method.

Theorem 1.1. Let X be a Hilbert space and let Y be a closed convex subset of
X. Let S: Y — Y be a nonexpansive mapping with F(S) # 0. Let ¢ : Y — Y be
a contraction with coefficient p € [0,1). For given u; € ), the sequence {u,} is
defined by

Uy + Uy,
s = Bub(n) + (1~ B,)S (Tﬂ L onzl
satisfying the following assumptions:
(Cl) limy, o 3, = 0,
(02) Z Bn = 00,
n=0
(C3) either n;(] Bri1 — Bn| < 00 or limy, 6;:1 =1.

Then the sequence {u,} converges strongly to a fized point of S that is also a
solution of the following the variational inequality:

(I =v)u,u—u)y <0 for all u € F(S).

Recently, motivated by Xu, Alghamdi, and Shahzad [22], Tang and Bao [20]
considered the semi-implicit midpoint rule (SIMR) and obtained the following
result.

Theorem 1.2. Let M be a 2-uniformly smooth and uniformly convexr Banach
space with dual M*. Let G : M* — M be an L-Lipschitz continuous monotone
mapping such that G=1(0) # (0. Let 1) : M — M be a contraction with coefficient
p € (0,1) and let [ : M — M be an identity mapping. For given u; € M, the
sequence is defined by

tn41 = Qnt(Un) + Butin + (I — wnGJ) (M) :

2

where J is the normalized duality mapping from M — M*, and the sequences
{an}, {Bn}, {m}, and {w,} are in the interval [0,1] satisfying the following
assumptions:
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(e.)
(1) ap+Bn+v =1, lim o, =0, and > o, = o0,
n—00 n—0

(2) lim = =0 and ) w, < oo.
n—oo n—0
Assume Kuyin N (GJ)71(0) # 0. Then the sequence {u,} converges strongly to an
element ul € (GJ)~1(0).

Motivated by Xu, Alghamdi, and Shahzad [22], Tang and Bao [20], and others,
we consider an implicit viscosity like an algorithm to approximate the zero of
a monotone operator in the setting of a Banach space. Some new algorithms
are suggested to approximate the solutions of convex minimization problems and
Fredholm integral equations. Finally, we present the effectiveness and efficiency
of the algorithm considered herein over SIMR. This way, results in [9, 20, 23] are
complemented, extended, and generalized.

2. PRELIMINARIES

A Banach space M is said to be uniformly convex if for each € € (0, 2], there

U+ v
exists 4 > 0 such that

<1-9¢ for all u,v € M with [ju|| = |jv]] =1

and ||ju — v|| > e. The modulus of smoothness of a Banach space M (denoted by
pm :[0,00) = [0,00)) is defined by

U+ Sv|| + ||u — sV
paats) =sup { =y =y =1}, sz
A Banach space M is said to be uniformly smooth if lim pMT(S) = 0. A Banach

s—0
space is said to be g-uniformly smooth if there exists a constant ¢ > 0 such

that pa(s) < es? for all s > 0, where ¢ > 1 is a fixed real number. It is well
known that every g-uniformly smooth Banach space is uniformly smooth. Every
uniformly smooth Banach space is smooth. If a Banach space M is smooth, then
the duality mapping J : M — 2M" is single-valued. If p > 2, then L, or W™ is
2-uniformly smooth.

The norm of M is said to be uniformly Gateauzx differentiable if for each v €
Spm i={u e M : |ju|| = 1}, the limit

[[u + sl = Jlull

lim
s—0 S

exists (uniformly) for u € Sy If a Banach space M has a uniformly Géateaux
differentiable norm, then the duality mapping is norm to weak® uniformly con-
tinuous; that is, if any sequence {u,} in M converges strongly to w, then J(u,)
converges to J(u) in weak* topology. For more details on the geometry of Banach
spaces, one may refer to [1].

Let £°° be the Banach space of bounded real sequences with the supremum
norm. It is well known that there exists a bounded linear functional p on ¢*
such that the following three conditions hold:

(a) If t, € £ and t, > 0 for every n € N, then u({t,}) > 0;
(b) if ¢, = 1 for every n € N, then p({t,}) = 1;
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(¢) p({tn}) = u({t, +1}) for all {t,} € €.
Such a functional y is called a Banach limit, and the value of p at {t,} € £ is
denoted by g, t,.
Let {u,} be a bounded sequence in M. For sufficiently large R > 0, we have
u, € K := Br(u*) for all n € N, where u* € M. It is noted that K is a nonempty,
bounded, closed and convex subset of M. Let f be a real valued function on M

defined as follows:
fu) = pn ||t — ul|? for all u € M.

Then the function f is a convex and continuous. If M is reflexive, then there
exists v € M such that f(v) = mi}rcl f(u). Let Kpin be a set defined as follows:
ue

Konin = {v eK: fv) = minf(u)} .

uekl

It is noted that Ky, is @ nonempty closed convex bounded subset of M; see [23].

Proposition 2.1 ([16]). Let a be a real number and let (ay,as,...) € £ such
that pn(a,) < a for all Banach limits p and limsup(a,+1 — a,) < 0. Then

n—oo
limsupa, < a.
n—oo

Lemma 2.2 ([19]). Let {¢,} C RY (set of nonnegative real numbers) such that
for allm >0

Gra1 = (1 = 00)Cn + 1,
where {0, } and {n,} are real sequences such that

(i) lim, o0 0, = 0, >0, = o0,
n=1

oo
(i) limy, oo gf <0, > e < 0.
n=1

Then the sequence {(,} converges to 0.

In [2], it was shown that if M is 2-uniformly smooth, then there exists a
constant Ly > 0, such that for all u,v € M,

17 (u) = J(0)|| < Laflu — o]

Definition 2.3. A mapping G : D(G) C M* — M is said to be L-Lipschitz
continuous if there exists a number L > 0, such that for all u,v € D(G),

1G(w) = G(v)llam < Llu = v p-
We denote the set of zeros of G by G7(0) := {u € D(G) : 0 € G(u)}.

Definition 2.4. A mapping ¢ : M — M is called a contraction with a coefficient
p € 10,1) if, for all u,v € M,

[(u) = ()] < pllu = vl

Definition 2.5. The mapping S : M — M is said to be nonexpansive if, for all
u,v € M,
1S(u) = S)[| < [lu—v.
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Lemma 2.6 ([21]). Let M be a real Banach space with dual M* and let J :
M = 2M° be the generalized duality pairing. Then

lu+ol* < [lull® +2(v, j(u+v)) (2.1)
for all u,v € M and j(u+v) € J(u+v).

Definition 2.7 ([1]). Let M be a normed linear space. A functional g : M :— R
is weakly lower semicontinuous if, for every sequence {u,} C M converging
weakly to u € M, we have

g(u) <lim inf g(u,).

n—oo
3. MAIN RESULTS
Now we present our main theorem.

Theorem 3.1. Let M be a 2-uniformly smooth and uniformly convexr Banach
space having dual M*. Let G : M* — M be an L-Lipschitz continuous monotone
mapping such that G=1(0) # 0. Let ¢ : M — M be a contraction mapping with
coefficient p € (0,1) and let I : M — M be an identity mapping. Let {s,} be a
sequence in (s, 1] with s € (0,1). For a given u; € M, define the sequence {u,}
as follows:

Unt1 = W (Up) + Buttn, + V(I — W GJ)(Spun + (1 — $p)tna1), (3.1)
where J is the normalized duality mapping from M into M* and the sequences
{an}, {Bn}, {m}, and {w,} are in the interval [0,1] satisfying the following
assumptions:

(H1) apn+ B+ =1, lim a,, =0, and > o, = o0;
n—oo n=0

(H2) lim 2= =0 and ) w, < oo.
n—oo " n—0
Assume that Ky, N (GJ)71(0) # 0. Then the sequence {u,} strongly converges
to an element u' € (GJ)71(0).

Proof. First, we show that the sequence {u,} is bounded. Let uf € (GJ)71(0)
or J(u') € G7X0). Let a := min{l — 7, + v,s} > 0. Since lim «,, = 0 and

n—00

lim “» = 0, there exists Ny € N such that a,, < % and :—” < 4L1L for all n > Nj.
n—oo -~ " n 1

Let 7 > 0 be sufficient large such that uy, € B,(u') and f(uy,) € B: (u’). Now,

we show that the sequence {u,} € B = B,(ul) for all integers n > Ny. We
show this by induction. We suppose that for any n > Ny, u,, € B and show that
Un1 € B. For this, we assume that ||u,,1 — uf|| > r. From (3.1), we have

U1 —Up = (Y (Un) = Un) + V(1= 80) (Uns1—Un) = Vawn G T (Snty + (1= 8p)Unt1)-
It follows that
(1 =91 = s0))(tUnt1 — up) = an(P(un) — un) = Yawn GJI (sptn + (1 — $p)tn1)

and
7%

(1= 7n(1 = sn))

Up+1 — Un
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InWn

R sn))GJ(Snun + (1 — 8p)Uns1)- (3.2)

From (3.2) and Lemma 2.6, we get

HunJrl - UTHQ = HunJrl — Up + Up — uT“2

< g — ut|]? + 2{upar — g, (tpgr — ul))

= Up — 'LLT 2 A Up ) — Up
= = P 42 (e ) = )
TnWn

— Spl — Sp)Una1), J(Unat —ul
TG (st + (1 52Jte) )

and
otz — 2 An _
s =12 = = w42 ) = )
YnWn
- (1 — (1 _ s ))GJ(Snun + (1 - Sn)un—‘rl)
Qp . 1
T sy o )
(07% i . t
20,
g — a2 — I—IT

=3 =)
w<( M () — o)

1 - 'Yn(l - Sn))
TnWn

— GJ(spun + (1 — S$p)tni1)
(1= (1= sn)) !

+ o (g1 = tn), j (tUnin —ul) ).
(1=l =s0)" " e

Using (3.2) in the above inequality, we have
2a,
[ T e A [

(1= (1 = sn))

A uy) — ul
”<u—%u—%ﬂw”> )

Fntn — 8y ) U1
IR

_Wl_%é—&M{UfwM;—%»WWH_“H
TnWn

T (s e (2 S”)u”“)}

3 (Ungr — UT)>
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and
T || S T L
B (1 —=m(l = sn))
a
2 - V(uy,) — ul
<(1_'7n(1_$n)>( ( ) )
YnWn
- GJ nUn 1_ n)Un
A= —5)) (Sptn 4+ (1 — Sp)Uny1)
a a
+ - - U(uy) — ul
T LTt )
«
_ n wy — uf
=i =)~
Vnwn
- GJ nWn 1_ n n
Ty Y+ (=) |
7j(un+1 - uT)>
Thus
[tnsr — ul|
2¢ o
< un—uT2— - U, —uT2+2{( -
H || (1 _’Yn(l _S”>)|| o || (1 _/Yn(l _Sn))
o? a?
n _ 1 n _ o1
e i) L R B e e L
TnWn VWi Ol
+ +
((1 =l =s,)) (1=l - Sn))2)
|G T (sntn + (1 — sp)tny1) — GJ(UT)H] [t g1 — ul]].
Since ||tpy1 — ul]| — |Ju, — uf|| > 0 and for the fact that G and J are Lipschitz,

we have the following estimate:

Qp

[t g1 — ul]]
(1 - Vn(l — 5n)) *

[67% Ogi " _uT
%, v —ut Ynon
et (T
TnWn Oy s ) u) — uT .
+<1—%<1—sn>>2) |G (st + (1= u)ttin) = G ()]
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Thus,
(0]
las — ]| < (1 i n ) o un) — |
* (1_771(1_571))
+ o [om—
(1 - Vn(l - Sn))
/ann ’annan
" ( PR G sn»an)
LL1||SnUn + (1 - Sn)un+1 - UTH
and

L Yn ( N TnCin )
an (1= (L = sn))
LI, <3n||un —ul |+ (1= sp)Junss — UT”)

From the assumptions on the sequences {a,,}, {wn}, {un}, and {¢(u,)}, we have

1
_ 0 < r.r
e =l < 3+ 3+ 71

2LL; (spr + (1 — $3)|[ttnt1 — u']]).

It follows that
[t g1 — ul]] <7,

a contradiction. Thus, the sequence {u,} is in B from all integers n > Ny and
{u,} is bounded. Therefore, the sequences {¢(u,)} and {GJ(u,)} are bounded.
Furthermore, we prove that lim ||u,11 — u,|| = 0. From (3.2), we have

n—oo

A

HunJrl - un” = (1 _ 7n(1 _ Sn)) Hw(un> - un”
Tnln
GJ nWn 1 — 9n n °
Since v, — 0 as n — oo and w,, = o(ay,,), it follows that lim ||u,+1 — u,|| = 0.
n—oo

Now, we prove that lim sup <w(un) —ul, j(Upy1 — uT)> < 0, where u! € Kpin N
n—oo

(GJ)7Y(0). Since the sequences {u, } and {%(u,)} are bounded, there exists v > 0
(sufficiently large) such that ¢(u,), u, € By := B,(u') (open ball wit radius v and
center u') for all n € N. Furthermore, the set B; is a bounded closed and convex
nonempty subset of M. By the convexity of By, we have (1 —t)u! 4 t1)(u,) € By,
where ¢t € (0,1). Then, it follows from the definition of f that f(u') < f((1 —
t)u' + th(u,)). Using Lemma 2.6, we have

Hun_uT_t(@Z)(UN) _uT>H2 < Hun_uTH2 — 2t (¢ (un) _UTJ(UH_UT_t(@Z)(un) _uT>)>~
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Thus taking Banach limit over n € N implies
fin || tn — uf — t(h(un) — UT)H2 <ptn|un — UTH2
- 2tﬂn<¢(un) - uTaj(un - UT - t(w(un) - uT)>>7
which means that
Qtun<¢<un) - uT7j(un - UT - t(qvb(un) - UT))>
< pinl|tn — UT||2 — [t — uf — t((un) — UT)HQ
= flu') = flu" + (¢ (u,) — u)) < 0.
Thus,
pin o (un) = u', j(uy — ut =t (u,) — uh))) <0.
By using the weakly lower semi-continuity of the norm on M, we have
((un) —ul, j(wn —ul)) — W (un) — ul, j(un — u') —t(P(u,) —u'))) — 0 as t — 0.
Therefore, for all € > 0, there exists § > 0 such that for all £ € (0,6) and n € N,
<1/1(Un) - uT,j(un - uT)> < <¢(Un) - uT,j(un - UT) - t<w(un> - U’T))> + €.
Hence
pn (W () = ul, 5wy — ul)) < pn (e (un) = ul, i (un — ul) = t(e(un) — ul))) +e.
Since ¢ is arbitrary small, we get
Mn<¢(un) - uT’j(un - UT)> <0.

Since the norm of M is uniformly Gateaux differentiable, J is uniformly norm to
weak® continuous on each bounded subset of M. Then

Tim (((un) = u', j(tner — ') = ($(un) =, 5w, —ul))) =0.
Therefore, the sequence {(¥(u,) —u',j(u, —u'))} satisfies all assumptions of

Proposition 2.1, which implies that
lim sup <1/1(un) — ', (U — uT)> <0.

n—oo

Finally, we show that ||u,, — u'|| = 0 as n — oo, as follows:

”un-i-l - UTHZ :”un-i-l — Up + Up — UTHz

Oy,
= Uy — uT + 11— ’Yn(l — 3n> (¢<un) - un)
2
—— ’Z}”(T“_ Sn) GJ (sptn + (1 — 8p)Ups1)
_ ot n —uf
YnWn, i

GJ(sptn + (1 — $p)Upt1)

1= 71— sa)
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and
[
Q 2 N
< _ n ORI . -
< (1 1_7"(1_371)) |un — u'|]” + <1_%(1_8n)(¢(un) u')
_ TnWn GJ(spun + (1 — S$p)upt1), j(u . UT)
L —7,(1 = sp) e n)En+1/s n+1
a Q
=(1- n - t12 L9 n o |
( 1—'yn(1_3n))HU u'||* + <1_%L(1_8n)(1/1(u) u')
nWn '
_1 — ,7’:(1 — Sn) GJ(Snun + (1 — Sn)un+1)7j(un+1 _ UT)> .

Take @ := sup{||u, — u']|}, because {u,} is a bounded sequence. Since G and J
are Lipschitz and continuous, we have

—dr<(1= n _ T2
fimsa =l _( 1= (1~ 3n)> e =]
2ce
n o . g
+ L —9n(1 —sp) ((un) = ul), j (s = ul))
29w
F T (1 oy 167 st (1= 8u)tsa) = G
|1 —UTH
a
<|\1- - n 2 )y
< (1= e ) T
where 7, = 1—75?1n—sn) ((W(un) — ul), j(up1 —ul)) + %L[q@? Letting
0, = - , then from Lemma 2.2, we obtain
1=, (1 = sp)
|un — u'|] = 0 as n — oo,

Thus, the sequence {u, } converges strongly to the solution u', and this completes
the proof. O

Theorem 3.2. Let M, G, and J be defined as in Theorem 3.1. Let {s,} be a
sequence in (s, 1] with s € (0,1). Let u € M, and for a given u; € M, define the
sequence {u,} by

Unt1 = QU + Loty + V(L — wnGJT)(Sptty 4+ (1 — Sp)Uny1),
where the sequences {a }, {Bn}, {1}, and {w,} are in the interval [0, 1] satisfying

assumptions (H1) and (H2). Assume that Ky N (GJ)71(0) # 0. Then the
sequence {u,} strongly converges to an element ut € (G.J)71(0).

Corollary 3.3. Let M, G, J, and 1 be defined as in Theorem 3.1. For a given
u; € M, define the sequence {u,} by

Up+1 = an¢(un) + Bnun + 'Yn(] - wnGJ) (Un+1)7
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where the sequences {a, }, {6n}, {1}, and {w,} are in the interval [0, 1] satisfying
assumptions (H1) and (H2). Assume that Ky, N (GJ)71(0) # 0. Then the
sequence {u,} strongly converges to an element u' € (GJ)71(0).

Corollary 3.4 ([20]). Let M, G, J, and v be defined as in Theorem 3.1. For
given uy € M, define the sequence {u,} by

tn 1 = 0t (Un) + Buttn + (I — wnGJ) (M) :

2

where the sequences {a, }, {6n}, {1}, and {w,} are in the interval [0, 1] satisfying
assumptions (H1) and (H2). Assume that Ky N (GJ)71(0) # 0. Then the
sequence {u,} strongly converges to an element u' € (GJ)71(0).

Let I be a nonempty subset of a smooth, uniformly convex Banach space M
with dual M*. Let K* be the dual space of K. A mapping S : £* — M is said
to be semi-pseudo if

GJ(u) = (J' = 8)J(u)

for all J(u) € K* is monotone mapping, where J is the normalized duality
mapping from M into M*. We denote the set of all semi-fixed points of S
by Fy(S) = {J(u) € K* : SJ(u) = u}. It is noted that a zero of a mono-
tone mapping G is a semi-fixed point of a semi-pseudo mapping S. If M is a
Hilbert space, the definition of semi-pseudo and semi-fixed point of S coincides

with pseudo-contraction and fixed point of pseudo-contraction S, respectively;
see [23].

Corollary 3.5. Let K be a nonempty closed and convexr subset of a 2-uniformly
smooth and uniformly convexr Banach space M having dual M*. Let K* be the
dual space of IC. Let S : K* — K be an L-Lipschilz continuous semi-pseudo
mapping with F,(S) # 0 and let G := (J~1 = S) be a mazimal monotone mapping
on K*. Let ¢ : M — M be a contraction mapping with coefficient p € (0, 1).
Let {s,} be a sequence in (s,1] with s € (0,1). For a given uy € M, define the
sequence {u,} by

Unt1 = 0 V(ty) + Bty + V(1 — wn)I + wnGJ)(spty + (1 — 85)Uny1),

where J is the normalized duality mapping from M into M* and the sequences
{an}, {Bn}, {1}, and {w,} are in the interval [0, 1] satisfying assumptions (H1)
and (H2). Assume that Ky N Fs(S) # 0. Then the sequence {u,} strongly
converges to u', where J(u') € Fy(S).

4. CONVEX MINIMIZATION PROBLEM

Now, we present a convex minimization problem for a convex function V :
M — R.
The following results are well known.

Remark 4.1. Let V : M — R be a differentiable convex function and let u' € M.
Then the point u' is a minimizer of V on M if and only if dV (uf) = 0.
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Definition 4.2. A function V : M — R is said to be strongly convex if there
exists 0 > 0 such that the following condition holds:
V(i + (1= o) < pVu+ (1 — ) Vo - Blu — o]}
for every u,v € M with v # v and p € (0,1).
Lemma 4.3. Let M be normed linear space and let V : M — R be a conver

differentiable function. Suppose that V is strongly convexr. Then the differential
map dV : M — M* is strongly monotone, that is, there exists k > 0 such that

(dVu — dVv,u —v) > k|lu —v||* Vu,v € M.
Now we present the following result.

Theorem 4.4. Let M and 1 be defined as in Theorem 3.1. Let dV : M* — M
be an L-Lipschitz continuous monotone mapping such that dV=1(0) # (0. Let
{sn} be a sequence in (s,1] with s € (0,1). For given u; € M, define the sequence
{un} by
Upt1 = QP (Up) + Bpttn + V(L — wndV J) (Spttn + (1 — 8p)Upi1)

where J is the normalized duality mapping from M into M* and the sequences
{an}, {Bn} and {w,} are in the interval [0,1] satisfying assumptions (H1) and
(H2). Assume that Ky N (dVJ)"H0) # 0. Then the sequence {u,} converges
strongly to a unique minimizer ut of V in M.

Proof. It follows from Remark 4.1 that V has a unique minimizer u! and is ob-
tained by dV(u') = 0. From Lemma 4.3 and using the fact that the differential
mapping dV : M — M* is Lipschitz, considering the result of Theorem 3.1, we
can complete the proof. O

5. FREDHOLM INTEGRAL EQUATION

Let ) = L?[0,1] be the space of square integrable functions u : [0,1] — R

endowed with inner product (u, v)y = fol u(k)v(k)dr. Now we discuss the solution
of following Fredholm integral equation:

u(k) = ¢(k) + )\/O 7(k,v)E(K, v, u(v))dy, k,ve(0,1] =V (5.1)

In order to present solution of above equation, we take the following postulates:

(A1) The functions £ : V x V x R — R and ¢ : V — R are continuous.
(A2) ¢ is Lipschitz continuous, that is, for all u,v € Y,

|£(I€,V7u)—£(/i,l/,1))| SL‘U(’KO_U(/@L keV.

(A3) 7: V x V — R is continuous for all (k,v) € V x V| |7(k,v)| < ¢, where
c>0.
(A4) AcL <1 and A > 0.

Now, we consider the mapping S : Y — ) defined as

(Su)(k) = ¢(k) + )\/0 7(k, )¢ (K, v,u(v))dr, ke€l0,1]=V. (5.2)
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Now, we observe that S is a nonexpansive mapping. For this, for every u,v € Y,
we have

1Su(k) — Sv(k)|? = ‘ (gzﬁ(/i) + A /0 1 (5, V)E(k, y,u(u))du)

— (¢(H) - A/Ol 7(k, V)E(k, Vjv(’/))d’/)

2

)2 / (5, ) (€, v, () — (v, 0 ()

< / 7, D)€ v, () — € v, 0(0)) P
% / ek, DRI (1, () — €, 0(0)) Pl

1
§/\202L2/ lu(v) — o) dv.
0

This implies that
[5(u) = S(v)|| < AcLllu — ]| < Jlu—wv]
and S is a nonexpansive mapping. Define
B={ue):|ul <r},

where 7 is sufficiently large. Then B is the closed ball of ) of radius r with center
at origin. It can be easily seen that S(B) C B. From [5, Theorem]|, the operator
S has a fixed point in B, and this fixed point of operator is a solution of nonlinear
integral equation (5.1).

Theorem 5.1. Let Y = L?0,1] be a Hilbert space defined above and let S : Y — Y
be an operator defined in (5.2). Let ¢ : C' — C be a contraction with coefficient
p € (0,1). Let {s,} be a sequence in (s,1] with s € (0,1). For a given u; € M,
define the sequence {u,} by

Upt1 = P (Un) + Bty + V(I — wn(I = 5))(Sntn + (1 — 8p)Uni1),

where I is the identity mapping on Y and the sequences {an}, {Bn}, {n}, and
{wn} are in the interval [0, 1] satisfying assumptions (H1) and (H2). Assume
that Kmin N (1 — S)71(0) # 0. Then the sequence {u,} strongly converges to the
solution of nonlinear integral equation (5.1).

Proof. Let G = I — S. Then the fixed point of the operator S is a zero of the
operator G. Now we show that operator G is monotone. For this, for all u,v € Y
and by nonexpansiveness of S, we have

(G(u) = G),u—v) = ((I=5)(u) = (I =95)(v),u—v)
= (u—S(u)—v+ Sw),u—v)

lu — o[> = (S(u) = S(v),u —v)

> lu—vf* = [[S(u) = S(v)|[[|u — v
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> lu=ol* = lu— vl =0.

Again it can be seen that G is a Lipschitz operator, that is, for all u,v € ), by
the nonexpansiveness of S, we have
1G(u) = G)|| = [[(I=5)(u) = (I =5
= lu—v—=(5u) = S@)| <llu—ov|+[[(Su) = S))]
< lu =l + flu = o] = 2[[u —v]].

Therefore, in view of Theorem 3.1, the required conclusion follows. O

Example 5.2. Let us consider the following nonlinear integral equation:

u(k) = [sin (%) _ 4 (1 + l) m} + /01 wd% ke0,1. (5.3)

m
It easily follows that (5.3) is a particular case of (5.1) with

4 1 2
¢(k) = sin (%ﬁ) ~ 3 (1 + ;) kand (K, v,u) = w
For any uw,v € Y and &, v € [0, 1], we obtain
K2+vu k(@24
3 3
< K(2+ V)
- 3
It is quite natural that ¢ : J — R is a continuous function. Therefore, Fredholm
integral equation (5.3) has a solution. It can be easily seen that u(x) = sin (%)
is a solution of integral equation (5.3).

W)(/{’ V?“) _@Z)(Kﬁ V,U)| =

lu —v| < |u—wv|.

6. NUMERICAL RESULTS

In this section, we show the effectiveness and efficiency of the algorithm (3.1)
over SIMR. More precisely, we present a numerical example to settle our claims.

Example 6.1. Let M = R endowed with the usual norm || - || and let G, J :
M — M be mappings defined as

G(u)=Lu, L>0
and J(u) =u for all u € M.
Let ¢ : M — M be a contraction mapping defined as
2 itG(u)#0
i) = {2 if GEu; i 0.
Now,
|G (u) = G)|| = |Lu = Lo|| = Lju = v]|.

Then G is an L-Lipschitz continuous monotone, J is 1-Lipschitz continuous, 1 is
a contractive mapping with p = 1, and (GJ)7*(0) = 0.
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We choose «,, = ﬁ, Bn = %, Vo = ﬁ, and w, = m It can be
seen that all these parameters satisfy conditions (H1) and (H2). The convergence
behaviors of new algorithm (3.1) and SIMR are presented in Table 1 and Figures
1 and 2 below. We make different choices of coefficient (s,) and initial guesses.

We set [[un+1 — uy|| < 107° as our stopping criterion.
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TABLE 1. Influence of initial guess: Comparison of both iteration processes.

For initial point u; = 0.5 and L =3
Algorithm Convergence in number of iterations
SIMA 182
New Algorithm (3.1) with s,, = 0.99 15
For initial point u; = 0.5 and L = 20
SIMA 73
New Algorithm (3.1) with s, = 0.1 26
For initial point u; = 0.8 and L = 0.9
SIMA 765
New Algorithm (3.1) with s, = 0.1 573
For initial point u; = 0.8 and L =
SIMA 181
New Algorithm (3.1) with s,, = 0.35 36
For initial point u; =1 and L = 0.25
SIMA 1141
New Algorithm (3.1) with s,, = 0.01 844
For initial point u; =1 and L = 10
SIMA 332
New Algorithm (3.1) with s,, = 0.13 16
Observations:

From Table 1 and Figures 1-6, we note that for different choices of initial guesses
and parameters L, new algorithm (3.1) converges faster than SIMA.
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